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1. BBEAEHHUE

CornacHo npuHyuny donosnumenvHocmu (Komnie-
menmapHocmu) bopa s MOMHOro ONMMCAHWST KBaH-
TOBOMEXaHUUYECKHUX SIBJICHUI HEM30EKHO UCITOIb30Ba-
HYE B3aMMOVCKITIOYAIOIINX, T.€., HE JOITyCKAIOIINX O~
HOBPEMEHHOTO M3MEPEHMSI, HaOOpOB JAHHBIX. DTOMY
NpUHLOUITY, chopMmyarupoBaHHOMY bopoM Ha rHoceo-

JIOTMYECKOM YPOBHE', MOXHO mpuaarth 60jee KOH-
KPETHBII MaTeMaTUYECKUI CMBICIT C TIOMOIILIO BBe-
nennoro lHIBuATEpOM [2] TTOHATHS, IJISI KOTOPOTO BITO-
CJIGACTBUM OBLT MPEIJIOXKEH CTaBIINI OOILIETTPUHSITHIM
TepMUH [3] “B3aMHO HeCMEIlICHHBIC Oa3UChI”.

JBa opTOHOPMAaJIbHBIX Oa3uca

ﬂ = {lao>s |a1>a LR |aN—1>}

B = {|b0>a |bl>s""|bN—l>}

B N-MepHOM TMJILOEPTOBOM IPOCTPAHCTBE Ha3bIBa-
IOTCSI 83AUMHO HECMeU,eHHbIMU, €CJIU BEPOSTHOCTHU
MEePEXOAOB MEXAY COCTOSIHUSIMU, U3MEPEHHBIMU B
pa3HbBIX 0a3ucax, OAUHAKOBHI JJIS1 JII0ObIX TaKUX Iap
COCTOSIHUH, T.€.,

|<ak|b€>|2 :% k,€=0,1,.,N-1.

! INpenmnonaraercsi, YTo Bapyaluy MPUHLIMIIA JOTIOJTHUTEIbHO-
CTM MOXHO MPUMEHSITh B pa3JIMYHBIX 00JIACTSIX, TAE paau IoJ-
HOTBl ONMUCAHUSI MCMOJB3YIOTCS pas3iuyHble, OMHOBPEMEHHO
HECOBMECTUMEIE, cpencTBa. HanmpuMep, B cTaThe MpeacTaBieH
0030p MPUHILIMIIA JOMOJHUTEIBHOCTU B OMOJIOTUH, TICUXOJI0-
YU Y COLIMATbHBIX HAayKaX.
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Knaccuyeckum npruMepoM B3aMMHO HECMEIeH-
HBIX 031 COB SIBJISTIOTCSI 6a3UCHl COOCTBEHHBIX COCTO-
STHUM OTIepaTopOB KOOPIWHATHI X Y UMITYJIbCa p IUIST
OIHOMEPHOTIO NBMXKEHUSI KBAHTOBOM YacTUllbl. Oue-
BUIHO, YTO 3TOT KOHTUHYaJIbHBII TPUMEP, COOTBET-
CTBYIOIIUI pa3MEepHOCTH /N = oo, BBIXOAUT 3a paMKU
KOHCTPYKTHUBHBIX Teopnii. MWUWHMMAIBHBINA, HO
OYeHb BaXKHBIN 0a30BbIi MpUMeEp AaIOT OA3UCHI CITU-

N 1
HOBBIX COCTOAHHMM YaCTUIbI CIIMHa 5 U1 OBYX IIEP-

MEeHIVKYJISPHBIX HAalpaBjieHUil. B aToM ciydae pas-
MepHOCTb N = 2.

M1 6yneM Ha3bIBaTh KBAHTOBbBIE HaOJII0gaeMbie A
U B kaumonuuecku conpsaxceHHvimu (VI KOMHAEMEH-
mapusimMu), €CIA MHOXECTBA MX HOPMaIU30BaHHBIX
COOCTBEHHBIX BEKTOPOB 00pa3yioT B3aMMHO HecMe-
IIEHHYIO I1apy.

B MHOTOYMCIIEHHBIX MCCICOOBAHMSIX IIOHSITUS
KBAHTOBOI IOIIOJIHUTEJIBHOCTH, HaYMHAasi ¢ paboT
Beitng u [lIBunHrepa, 05110 TTOKa3aHO, 4TO B N-Mep-
HOM T'MJIbOEPTOBOM IPOCTPAHCTBE HE MOXET OBITH (C
TOYHOCTBIO IO YHUTAaPHOM 3KBUBAJIEHTHOCTH) OOJIb-
me, yeM N + 1 B3aMHO COTIPSIKEHHBIX HaOII00a¢e-
MbIX. [Ipy 3TOM Bce OHM KOHCTPYMPYIOTCSI KaK ajl-
reOpandeckre CJIeACTBUSI OIIPEACIIEHHON 0a30860ii
napsl KAHOHUYECKM COTIPSDKEHHBIX HaOJI0JaeMbIX,
OIHA U3 KOTOPBIX (MBI OyeM 0003Ha4YaTh €€ CUMBO-
JIoM X, MOCKOJIbKY Iipu N = 2 OHa aHaJIoTU4Ha CITN-
HoBoii MaTtpulle Ilaynu G,) mopoxnaercs HUKINYE-
CKOI TmepecTaHOBKOUW N 3JIeMEHTOB (3TH 3JEMEHTHI
MOXHO OTOXIECTBUTH C 0a3MCHBIMU BEKTOpaMU pac-
cMaTpuBaeMoro N-MepHOro rujiboepToBa IIpOCTpaH-
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CTBa), a Apyras HaOmomaeMas Z (aHaJaOr MaTPUIIBI
ITaynu ©,) mosyyaercsa NpuBeJeHUEM MaTpulbl X K
JMAroHaJIbHOMY BUY C TIOMOIIIbIO TIpeoOpa3oBaHUs
Ddypre. HecMoTpst Ha 3Ty 9KBUBAJICHTHOCTh MEXKIY
HabmogaeMbiMu X U Z (10 CyTH 3TO OOHA U Ta K€
MaTpulla, 3alMcaHHasi B IBYX pa3HbIX 0a3ucax), 13
dopmanr3mMa KBAHTOBOM MEXaHUKU CIIEIYET, YTO IS
BOCIPOU3BEIACHUSI KBAHTOBBIX MHTEepGhEepEeHLINI He-
00XOIMMO paccMaTpuBaTh 3TU HaOJIOmaeMble Kak

PpasjIn4YHbIC SJ'ICMCHTI)IZ.

Tot daxT, YTO KAHOHUYECKHN CONpPSKEHHBIE Ha-
OiogaeMble TIO0 CYIIECTBY IIPOUCXONST W3 €AWH-

CTBEHHOI LIMKIJINYECKOI ITEPECTAHOBKM> XOPOILLIO CO-
[J1acyeTcsl ¢ MOAXOJOM K KBAaHTOBOUM MeXaHUKE, OC-
HOBaHHOM Ha YHUTApHBIX MPEICTABICHUSX TPYII
repectaHoBOK [4—6]. I. 'T XoodT TakKe Mpearoia-
raet, YyT0 Ha caMOM IJIyOMHHOM YPOBHE B OCHOBE
KBaHTOBOIT MeXaHUKH JIeXKaT IepecTaHOBKU [7].

AJrebpanyeckyie COOTHOIICHUS i1 KaHOHWYE-
CKU COTIPSIKEHHBIX HAOII0IaeMbIX MOXHO ITOJTYYUTh
KOHCTPYUPYSI MNPOEKTUBHBIC MPENCTABJICHUS WU,
SKBHUBAJICHTHO, LIEHTpaJbHbIC paclIupeHus: adese-
BBIX Ipynm. B pe3yabpTaTe BO3HMKAIOT ajredopamnde-
CKUe CTPYKTYpbl, Ha3biBacMble OOOOIIECHHBIMU ajl-
reopamu Kimuddopna.

KaHoHuueckn comnpsokeHHBIE  HaOmMomaeMble
MOXHO MCITIOJIb30BaTh B 3aa4ax “KBaHTOBOI MEpPEO-
JJoTun”, T.€. B UCCIAEIOBAHNM KOHCTPYKTUBHBIX Me-
TOJIOB Pa3JIOKEeHMSI KBAHTOBBIX CUCTEM Ha MOACUCTE-
MBI U CBSI3aHHBIX C TaKUMM PA3JIOKECHUSIMU 3adad:
BBIYMCJICHNE KBAHTOBBIX KOPPEJISILIMN U IPYTUX KO-
JIMYECTBEHHBIX XapaKTEPUCTUK B3aUMOICHUCTBUIA
MeXAy MOACHCTeMaMM, M3ydeHUe BPEMEHHOM 3BO-
JIIOIMHY 3TUX XapaKTEePUCTUK U T.1.

KomMiibroTepHble BBIYUCIEHUS SIBISIIOTCS 3P dheK-
TUBHBIM METOAOM HMCCJIEIOBaHMs pacCMaTpUBaeMBbIX
B JAHHOM cTaTrbe MpoodseM. Jas mocTpoeHUs 1 MC-
cliefOBaHUSI CUCTEM KaHOHMYECKU COIPSIKEHHBIX
HaOJIFOJaeMbIX M CBSI3aHHBIX C HUMM 3a11a4 pa3pada-
TBIBAIOTCS U PEATU3YIOTCS AJITOPUTMBI, OCHOBaHHEIE,
IIaBHBIM 00pa3oM, Ha MeTOJaX KOMIIbIOTEpHOI a-
reophl.

2. KAHOHNUYECKHWE KOMMYTALIMOHHBIE
COOTHOIIEHWA

2.1. KanoHuueckoe KOMMYMAUUOHHOE COOMHOUIEHUE
Teiizenbepea

B ocHOBe KBaHTOBOII MEXaHUKU JIEKUT KAHOHU-
YE€CKOC KOMMYTAlITMOHHOC COOTHOILICHUEC

la,b] = ih 2.1

2 Heo06xoaumMocTh KaK MMHUMYM ABYX Pa3IMYHBIX 0a31COB (CH-
CcTeM KOOpAMHAT) JJIs OMUCaHusT (GPU3NYECKOUN pealbHOCTH 3TO
CBOETO POojia MPOSIBJICHUE MTPUHIIUIIA JOTIOJTHUTEIbHOCTH.

3 3aMeTM, YTO LIMKIWYEeCKHe IepecTaHOBKM 3TO HauboJee
MPOCThIE COCTABJISIIONINE, HA KOTOPbIE pa3jiaraeTcst Jobast me-
pecTtaHoBKa.

MEXIy KaHOHWYECKU CONpPSKEHHbIMU Habtogae-
MBbIMU a U b, TIPEACTaBISIIOIIMMU COOOM IPMUTOBBI
onepaTopbl. TUNMWYHBIA TpUMEP KAHOHWUYECKU CO-
MPSKEHHBIX HAOJI0MaeMbIX — OIepaTopbl KOOPAU-

HaTbhl X = X U UMIIyJIbCa p = —ihai KBaHTOBOM 4a-
X

CTULIBI, IBUXKYIIEICS B OMHOM U3MEPEHUH.

be3 cooTtHomenmii Buna (2.1) HEBO3MOXHO OITMCa-
HME KBAaHTOBOTO TTOBEICHUSI, B YaCTHOCTU, KBAHTOBBIX
nHtepdepeHmii. Teopema CroyHa—doH Heitmana
JIOKA3bIBaeT €AMHCTBEHHOCTh COOTHOILIeHMH (2.1) mist
000 KBaHTOBOI TeOpHUM B OECKOHEYHOMEPHOM Ce-
nmapabejJbHOM TMJILOEPTOBOM MPOCTPAHCTBE.

KanoHnueckme KOMMYTallMOHHBIE COOTHOIIICHMS
(2.1) HEBO3MOXHO peaan30BaTh MaTpUllaMU B IIPO-
CTPaHCTBE KOHEYHOM pa3MepHOCTH N, ITOCKOJIBKY
BBIYUCIISISI, HATPUMED, CJel JIEBOM U MpaBoil yacTeil
paBeHcTBa (2.1) MBI MOJYYUM IIPOTUBOPEUME:

tr([a, b]) = tr(ab) — tr(ba) = 0

[
tr(ihly) = ihN.

OTO 03HaYaeT, YTO KAHOHUYECKOE KOMMYTalIMOHHOE
cooTHouleHue B dopme (2.1) He sBisgercsa dyHaa-
MEHTaJIbHBIM, a TIPEJCTaBIsIET COO0I HEKOTOPYIO arl-
MPOKCUMALIUIO.

2.2. Kanonuuecku conpsaicentnvie Habarooaemole
Beiina—Illeuneepa

I'epman Beiinb [8] mocTpomn Oonee pyHIamMeH-
TaJlbHbIe KOMMYTAallMOHHBIE COOTHOILLIEHUSI, TIPUTO/ -
HbIe B N-MepHOM cllydae U BOCIIPOU3BOISIINE COOT-
HouieHue (2.1) B mpeneyne N — oo,

B kBaHTOBOI1I MexaHMKe HaOJogaeMblie OOBIYHO
OIIPEeNEeNISTIOTC KaK 3PMUTOBBI oItepatopbl. OmHAKO
Beitns [8], a Bmocneacteum IIBunHrep [2] mokasanu,
YTO III KBAaHTOBOM MEXaHMKU B KOHEYHOMEPHBIX
TJILOEPTOBBIX IIPOCTPAHCTBAX B KAYeCTBE HAOJIIOOA-
eMbIX 0oJjiee eCTeCTBEHHO MCIIOJIb30BaTh YHUTApHbIE
oIepaTopbl BMECTO 3pMUTOBLIX. B kBaHTOBOM (hbopMa-
JIM3Me IIABHYIO POJIb UTPaET pa3oXeHNe I’Ib0epToBa
IIPOCTPAHCTBA B MPSIMYIO CYMMY OPTOTOHAIbHBIX IO~
IIPOCTPAHCTB, 3aJjaBacMbIX COOCTBEHHBIMU BEKTOPaMU
oreparopa, a He KOHKpPETHBIE 3HaUYCHHUSI COOCTBEHHBIX
YUCes, TIO3TOMY JOCTAaTOYHO, UYTOOKI OTlepaTOphl OBLITN

HopmanvHoimu®. B 9aCTHOCTU, SPMUTOBBLI M YHUTAP-
HEIE€ OIIEpaTOPHI SIBJISIIOTCS. HOPMabHBIMU. BHYTpU
MHOXECTBa HOPMAaJIbHBIX OIIEPATOPOB OHU BBIAEIISI-
IOTCSI CBOMICTBAMU CIIEKTPOB: JJISI 3PMUTOBEIX OIlepa-
TOPOB COOCTBEHHBIE YK CJIA JIeXKAT Ha BEIleCTBEHHOM
0CH KOMILJIEKCHOM IJIOCKOCTH, a IJIsI YHUTApPHBIX —
Ha eIMHUYHON OKpyKHOCTU. IIpu HeoOXoguMoOCTHU
COOCTBEHHBIE UMCJIa OIIEPaTOPOB, UMEIOIINX OINUHA-
KOBBIE COOCTBEHHBIEC MOMIIPOCTPAHCTBA MOXHO IIe-

4 Oneparop A Ha3bIBACTCsI HOPMAJIBHBIM, €CII OH KOMMYTHDYET
CO CBOMM CONPSKEHHBIM: AA* = A*A.

[MPOTPAMMUPOBAHUE Ne5 2023
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pecuyuTaTh, UCIOJIb3Ys MPOCTbie MYHKIIMU (HAmpu-
Mep, BKCITIOHEHTHI 1 JlorapudMBbl B CIy4ae 3pMUTO-
BBbIX U YHUTAPHBIX OIIEpPaTOPOB).

B xHure [8] Beiinb mokasaj, 4To B KOHEYHOMEP-
HOM TWJILOEPTOBOM MPOCTPAHCTBE KaHOHUYECKOE
KOMMYTalIMUOHHOE COOTHOIIIEHE UMEET BU/T

XZ = wZX 2.2)

M J0Ka3all ero eAMHCTBEHHOCTh. 31ech ® = >N —
0a30BbIli MPUMUTUBHBINM KOpeHb N-Ii CTENeHU U3
€IUHULIbI, @ YHUTApHbIE ornepaTopbl X 1 Z umelor (c
TOYHOCTBIO 10 YHUTAPHON 9KBUBAJIEHTHOCTH) BU/I

01...0
XZZI'.Z
00...1/0
10...0
10 0 (2.3)
Ow... 0
Z=|. .. .
00..0""

DT MaTpullbl BIiepBbie, B 19-M Beke, 1o Ha3BaHUSI-
MU “MaTpulia caBura” M ‘“‘maTrpulia 4acoB” BBEJ
Jx . JIxx. CunbBectp. O4eBUIHO, YTO

xV=z"=1. (2.4)

B MuanManbsHOM pa3MepHocTH N = 2 MBI UMEEM () =
= —1, a MmaTpullbl X u Z coBrnagaloT ¢ MaTpuiiamu Ila-

VIIN:
B _01 B _10
X—Gx—lo, —Gz—o_l.

IToaToMy B TMIBOEPTOBBIX MPOCTPAHCTBAX MPOU3-
BOJIbHOM pa3mMepHOCTU N MaTpullbl X U Z 4acTo Ha-
3BIBAIOT “000011IeHHBIMU MaTpuliamu [laymmn”.

ConepxaTelbHO, MaTpulia X 3TO MaTpulia nepe-
CTAaHOBOYHOIO IIPENCTaBJIeHUs TeHepaTopa LIKIJIM-
YeCcKOil mepecTaHOBKM MHOXeCTBa U3 N 3JIEMEHTOB,
a MaTpuia Z 3TO pe3yJbTaT IIPUBEIACHUS MaTPUIILI X
K JWaroHaJbHOMY BUIY YHMUTapHBLIM MpeoOpa3oBa-
HUEM:

Z = FXF ',

rae F — marpulia npeoo6pasoBanus Dypee:

k,€ =0,1,...,N —1. (2.5)

_ 1 ke
F_\/N((D )a

2.3. Ipynna Beiina—Ieiizenbepea
u yHumapuwtii bazuc llseuneepa

ITapa KaHOHMYECKHU COIPSKEHHBIX HaOJromae-
MBIX X U Z sBJIsIeTCsl aaredpandeckKy IMOJIHOM B TOM
CMBICIIE, YTO M3 TIPOM3BEICHN NX CTeTIEeHeil MOXHO

IMOCTPOUTH TMOJIHBIN 6a3uc rpocrpanctBa £ () au-

ITPOTPAMMUPOBAHUE Ne 5 2023

HEHHBIX onepaTopoB B N-MEPHOM THIBOEPTOBOM
npocTpaHcTBe [9].

C noMoipio cooTHouieHuit (2.2) u (2.4) npous-
BOJIbHOE MpOU3BEAeHME CTeneHe X 1 Z MOXXHO TIpHr-
BECTU K BULY

Kyl
Yk{’m = X Zm,

k,4,m=0,1,...,.N —-1. (2.6)

YuurapHble onepatopbl (2.6) 06pasyroT KOHEYHYIO
rpynmy nopsiaka N3, HasbiBaeMylo epynnoii Beiina—
leiizenbepea nan 0bobuenHoll epynnoti Iayau.

IMonmHoxecTBO Tpynmel Beiinsg—Ieiizenoepra,

cocrosiiee U3 N? matpul Buga X eZ’", obpasyeT 0a-

31C IIpocTpaHcTBa oneparopoB £ (7€), Ha3bIBaEMBIiA
YHUmMapHsim 6azucom Illeuneepa.

B muHumManbHOM ciydyae N = 2 rpynna Beiins—
I'eitzenOepra nsomopHa rpymnie KBaTepHUOHOB

Q8 = {i 1’ ii’ ij7 ik} s
a yHuTapHbIi 6a3uc llIBuHrepa nMeeT BUI,
{l,6,,6,,6,0.}
WJIN, SKBUBAJICHTHO,

9
{l,6,,0,,0.},

nockojbky Marpuuy [laymu o, = ((1) Ol] MOXHO
NPENCTaBUTh KaK G, = i0,0, — YMHOXEHME Ha i repe-
BOIUT aHTU3PMUTOBY MaTpully C,0, B 3pPMUTOBY W,
TaKMM 00pa30M, Bce TP CIMHOBBIC MaTpulibl [Taynn
O,, 0,, O, OKa3bIBAIOTCA OMHOBPEMEHHO Y YHUTAPHbI-
MU U S3PMUTOBBIMH.

3. KAHOHMYECKH COITPAKEHHBIE
HABIIOOJAEMbBIE U BSBAMUMHO
HECMEIIEHHBIE BA3UCHI

PaccmoTrpum nBa 6a3rca B N-MEepHOM r'ib0epTo-
BOM ITPOCTPAHCTBE

1. B, ={0), [1), ..., [N — 1)} — Gasuc, B KOTOpPOM
orneparop X AEWCTBYeT KaK LUKJIMYecKas mepecTa-
HOBKa B COOTBEeTCTBMU C (2.3) (UCXOOHEBIN “OHTHYE-
CKuii 6asmuc™).

2. B, = {|0), |1}, ..., [N —1)} — 6asuc, B KOTOPOM
onepatop X UMeeT NIUaroHaJIbHbIN BUM (“IHEpPTeTH-
yecKuii 6a3uc”).

DtH aBa 6asnca CBI3aHbI MEXIy co0Ooit TIpeobpa-
3oBaHueM Dyphbe (2.5). Jlerko mokasarh, 4YTO 6a3KUCHI

B, u B, ABIAIOTCS B3aUMHO HECMELLIEHHBIMU:
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B, = FB,

5 1 N-1 .

3| 6) = ﬁZlk)(l)_k
k=0

= (fk) = \/Lﬁw“

R =L
= K€k)| ~ O

Bo3HukaeT ecTecTBEHHBIII BOIIPOC: KaKue eI,
noMUMO X 11 Z, conpsiKeHHbIE HaOII0gaeMbIe 1 aCCO-
LIMMPOBAHHbIE C HUMU B3aUMHO HECMeEIlleHHbIEe 0a-
3UCHl BO3MOXHBI B THJIBOEPTOBOM IIPOCTPAHCTBE
JIaHHOI pa3zMepHOCTH N? DTOT BOIIPOC CBSI3aH HEMO-
CPENCTBEHHO C MPOOJIEMOI U3MEPEHMIT B KBAHTOBOM
MeXaHUKE.

3. 1. Keanmoeas momoepagus

KBanToBas romorpadus [9, 10] — 310 yacTh KBaH-
TOBOM MHG(pOPMATUKU, 3aHUMAIOIIASICSI BOCCTAHOB-
JIEHeM MaKCUMyMa MHGOpPMAallii O KBAHTOBOM CO-
CTOSTHUM C TIOMOIIIbI0 MHOTOKPATHBIX KBAHTOBBIX U3-
MEPEHUI.

TunuyHasi cxeMa KBaHTOBBIX M3MEPEHUI mpem-
roJiaraeT pasbreHre THILOEepTOBa MPOCTPAHCTBA Ha
OMHOMEpHBIC OPTOTOHAJbHBIC IIOAIPOCTPAHCTBA,
COOTBETCTBYIOIIIME 3JEMEHTaM HEKOTOPOro OpTO-
HOpMalIbHOTO 0a3uca. EMMHMYHOE KBAHTOBOE COOBI-
THEe (UKCUPYETCS JTaTYMKOM KaK MolaJgaHue KBaH-
TOBOI CUCTEMBI B OIHO U3 MOAMpPOCTpaHCTB. IIpoBe-
ISl TOCTATOYHO OOJIbIIOE KOJIUYECTBO U3MEPEHMUIA
OIHOTIO M TOro Xe (T.e., “MAeHTUYHO MPUTOTOBJICH-
HOTO”) COCTOSIHUSI B JaHHOM 0a3uce Mbl IOJyYUM
Habop BEepOSITHOCTEI 0OHAPYKEHUS CUCTEMBI B KaK-
JIOM 13 TIOAITpOCTpaHCTB. [10CKOIBKY B CHITY TTOJTHO-
ThI pacCMaTpUBaeMOii cCXeMbl UBMEPEHUIT CyMMa BCeX
BEpPOSTHOCTEN paBHa eAuHUIle, B N-MEPHOM MpPO-
CTpaHCTBE MBI TToyduM N — 1 He3aBUCUMBIX ITapa-
METPOB, OIMCHIBAIOIIMX CTAaTUCTUKY U3MEpeHUit
JaHHOTO KBAHTOBOI'O COCTOSIHUS B JAHHOM Oasuce.

KBaHTOBOE cocTosiHME 0O11Iero Br1a ONMMChIBAeT-
Cs1 MaTpULIEH MIIOTHOCTHU, T.€., 3PMUTOBOM MaTpULIEeii
C €MMHUYHBIM cJiefoM. JIerko MmoacyvuTaTh, YTO IS
MOJIHOTO OIMCAHUS TaKOW MaTpUlibl HEOOXOIUMO
N? — 1 BellleCTBEHHBIX NapaMeTpoB. TakuM oOpazoM,
JUUTS. TIOTHOTO BOCCTAHOBJIEHUSI KBAHTOBOTO COCTOSI -
HUSI HAM HEOOXOAMMO BBIMOJIHUTH CEPUI0 U3MEpe-
HUi1 B

(N> -1)/(N-=1)=N +1

pa3nnyHBIX O0a3ucax. Hambosiee onTMMaIbHBIM OIS
KBaHTOBOI ToMoTrpaduu 66110 061 UMeTh N + 1 B3a-
MMHO HEeCMEIIeHHBIX 0a3hCcOB, MOCKOJbKY U3Mepe-
HUS B TaKuX 0a3ncax MaKCMMalbHO HE3aBUCUMBI.

3.2. Maxcumanvrble MHOMCECMEA 83AUMHO
HecmeuleHHbIX 6a3ucos

bonee neranbHBIA aHaIW3 MHOXKECTBA MAaTPUII
IJIOTHOCTY MOKAa3bIBAET, YTO MO YHMCTO r€OMETPUYIE-
CKUM npuurHaM [11] yuciio B3aMMHO HECMEILIEHHBIX
0a31coB He MOXET IIpeBhImaTh N + 1.

ITycte My — MakcMMaabHOE YUCIIO B3AUMHO HE-
CMEIIEHHBIX 0a3ucoB B /N-MEpHOM THWIbOEPTOBOM
npocTpaHcTBe. Eciam pasmepHOCTh THIBOEpPTOBA
MPOCTPaHCTBA paBHA CTEIIEHU IIPOCTOTO Yyucia, T.€.,
N = p™, TO HETIOCPENCTBEHHBIM MOCTPOSHUEM ObLIO
MOKa3aHo, 4To My paBHO MaKCUMaJIbHO BO3MOXHO-
My 3HaueHuto N + 1. Hanpumep, eciu N = p — npo-
CTO€ YMCJIO, TO HECIIOXKHO ITPOBEepUTH [12], 94TO cO06-
CTBEHHbIE 0a3MChl YHUTAPHBIX HaOMomaeMbix X, Z,
XZ, XZ%, ..., XZ° — ! 06pa3yloT MHOXECTBO B3alMHO
HECMEIIEHHBIX 0a31MCOB ¢ MAKCUMAJIbHO BO3MOXKHBIM
YUCIOM 371eMeHTOB N + 1. AHAJIOTMUHEBIN HabOp co-
MPSDKEHHBIX YHUTAPHBIX HaOJMI0AaeMbIX MOXHO MO-
CTPOUTH U B 6osiee ob1eM ciaydae N = p™ ¢ IOMOIIbIO
KOHCTPYKIIUIA, UCTIOJIb3YIOIINX BEIYUCICHUS B MTOJISIX
Tl'anmya GF(p™) [9, 13].

B o611ieM cirydae pa3zMepHOCTh MOKHO Pa3I0KUTh
B IIpOM3BEACHNE 3JIeMEHTapPHBIX MHOXUTEJIEH — CTe-
TICHE IIPOCTHIX YHCET
— ™ my myg
N=p"ppg-
B cooTBeTCTBMU C 3TUM pa3IOKEHUEM ITOJTHOE THIb-
0epTOBO IIPOCTPAHCTBO MOXKHO MPEICTaBUTh B BUIE
TEH30PHOI'O MPOU3BEACHUSI

K
%N = ®%Nk’
k=1

rae N, = p.* — k-ii aJleMeHTapHBIA MHOXMTEb.

ITockoJIbKY y HaC UMEIOTCS B IBHOM BUJIe MaKCH-
MaJIbHBIE MHOKECTBa CONPSTKEHHBIX HaOI0MaeMbIX
(Ha3oBEeM 3TU HAOIOAAa€MBbI€ JIOKAJIbHBIMU ) TSI KaK-
JIOTO TEH30PHOTO MHOXHUTENst ¥y , MOXHO CKOH-
CTPyMpPOBaTh B3aMMHO HECMEIleHHbIe 0a3UChl MPO-

cTpaHcTBa I B BUjie TEH30PHBIX IIPOU3BENCHMIT Oa-
31COB JIOKAJIbHBIX HaOMogaeMbIX. JIETKo IpOBEePUTh,
YTO ecJiu IBa (II00aJbHBIX) Oa3uca B MPOCTPAHCTBE
%N ABJIAOTCA TCH30PHBIMU IIPOMU3BCACHNSAMUN B3a-
MMHO HECMEIIEHHBIX JIOKAJIbHLIX 0a3uCcOB, TO 3TU
mTobalibHbIe 6Aa3KMCHl — B3aUMHO HecMellleHHbIe. OT-
croda cieiyeT, 4YTO MaKCUMaJdbHOE YUCIO B3aMMHO
HECMEIICHHbBIX IIOOAIILHBIX 0a3MCOB JOJDKHO YIO-
BJIETBOPSTH YCIIOBUIO

3.1)

OpHako 3amada MOCTPOCHUSI MaKCUMAaJIbHOTO MHO-
KEeCTBa B3aMMHO HECMEIICHHBIX 0a3MCOB B MpPOU3-
BOJILHOIT pa3MepHOCTU OYeHb TpyAHa [9] 1 He pellre-
Ha Jaxe B IIpocTeiinieM cirydae N = 2 X 3.

. m m
N = min{p, ',..., px } + 1.

[MPOTPAMMUPOBAHUE Ne5 2023
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4. TIPOEKTUBHBLIE IMPEJCTABJIEHHA
ABEJIEBBIX I'PYIIIT 1 OBOBIIEHHBIE
AJITEBPBI KIITMPDOPIA

ITpoekTuBHBIE TIPEACTABICHUS TPYMIT SIBJISTFOTCSI
OMHUM M3 UEHTPAJIbHBIX 3JEMEHTOB KBAHTOBOTO
dopmamu3zMa. B yacTHOCTH, KOMMYTalITMOHHOE COOT-
HolreHue (2.2) Beiiyib moaydus ¢ TOMOIIbIO TIPOEK-
TUBHOTO TIpe/ICTaBJIeHUsI abeJIeBOU IPYIIbI, SIBJISIIO-
1iefics NpsIMbIM MNPOU3BENEHUEM JIBYX LIUKJIMYECKUX
rpynin [8]. IIpoeKTuBHBIE MpencTaBieHUsT aOeIeBbIX
IPYMIT MOXHO OIMUCATh B paMKax 00I1Iei KOHCTPYKIINH,
Ha3bIBaeMOI 0000uwenHbiMu  aneedpamu  Kiughgpopda
[14].

4. 1. IIpoexmueHbvle npedcmaeieHus

IpaBuio yMHOXEHUSI IJIsI ONEpaTopoB IMPOEK-
TUBHOTO (JIy4eBOIO) mpencraBieHus1 R rpymmsl G B
JIMHEITHOM TIPOCTPAHCTBE Ha MoJieM & MMeeT BUI

R(g)R(gy) = c(81,8,)R(88,), (4.1)
e g, & € G, a GyHKIUS OT IBYX apTyMEHTOB
c:GXG — F*=F\{0} “4.2)

JOJDKHA YOJOBJICTBOPATDL TOXICCTBY

(81, 82)c(8182, 83) = (&1, 8283)¢(£283)

KOTOPO€ MOXHO TOJIYYUTb, ECJIU MPUBECTU IPOU3BE-
nerre R(g))R(g)R(g3) K R(g,8,83) ABYMSI pasHbIMU
MyTSIMU UcTionb3ys (4.1).

Matpulibl nipeactaBieHust R onpeaeaeHbl ¢ ToU-
HOCTBIO 10O YMHOXEHHWI Ha MPOU3BOJIbHbIE HEHYJIC-
BbIE€ BJIEMEHTHI TIOJNsI, T.e. R(g) — TIpencTaBUTENb
KJjlacca SKBUBJIEHTHOCTHU BUAa

R(g) ~ b(&)R(g), (4.3)

rae b : G — F* — npousBojbHas (GyHKIUS Ha TPYIITIE.
MN3MeHeHue BBIOOpaA TIpeACTaBUTENICH MPUBOIUT K

3aMeHe (g, &) — ¢,(81, £&)¢(&, &) B bopmyre (4.1),
e

b(g)b(g,)
b(g18,)
DyHkuu (4.2) 06pa3ytoT KOMMYTaTUBHYIO TPYII-
ny Z2(G, ¥*), Ha3bIBaEMYyIO TPYIIIOii JBYMEPHBIX KO-
UKI0B (2-KouukioB). PyHkuu Buaa (4.4), Ha3bl-
BaeMblE Koepanuyamu, odpasyloT monarpymmy B2(G,
F*) rpynnsl Z2(G, F*). @akTop-Trpynmna

cy(81,8) = (4.4)

H(G, %) = Z*(G,F*)/ B (G,F%)

Ha3bIBaETCs ABYMEPHOI TPYMIIOi Ko2omoa02uil TPyII-
bl G ¢ Koo duimeHTaMu B F*.

IIpoexkTuBHOE TIpencTaBieHUe R OTHO3HAYHO
oIpenesieT HEKOTOPHIi Kinacc [cgl € HX (G, F*). JTio-
00i1 KOUMKI c(g;, 8,) € [cg] Ha3bIBaeTcs mMyabmuniu-
kamopom [15] NpPOEKTUBHOIO IpeAcTaBicHUS R.
MynpTUIIMKATOPHI, UMewlIre Bum (4.4), mpuHaI-

IMTPOTPAMMMWPOBAHUE
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Jexat kiaccy [1 € %*| 1 Ha3BpIBaloTCS TPUBUATBHBI-
mu. [IpoekTUBHOE MpeAcTaBieHUE C TPUBUAIbHBIM
MYJbTUIIJIUKATOPOM 3KBUBAJIEHTHO OOBIYHOMY JIM-
HEWHOMY TIpeICTaBICHUIO.

He Bcgkast rpyniia nMeeT HETpUBUATbHBIC ITPOEK-
TUBHBIC MpeAcTaBicHUs. HampuMmep, LuKiIndeckasi
IPYIIa MOPSAKa 1 MOPOXIAETCI OJHUM 3JEMEHTOM
uumeerBun G={1,g, g, ..., 2"~ '}. lyisl IPOEKTUBHO-
ro TpeACTaBJICHUSI TaKOil TPYIIBI JOJLKHO BBITION-
HSITbCSI paBeHCTBO R(g)" = al, roe a — HEKOTOPbIil
ckamsip a € %*. Ecnu a # 1, To, BOCHO/Ib30BaBIINUCH
9KBUBaJIEHTHOCTBIO (4.3) U caenaB 3aMeHY R(g) —
— a'"R(g), MbI TIOJIyuuM paBeHCcTBO R(g)” = 1, moka-
3pIBAIOIIEE, YTO JII000E MPOEKTUBHOE IpPEICTaBIIe-
HY€ LUKJINYECKOU TPYMITbl 9KBUBAJIEHTHO OOBIYHO-
MY JJMUHETHOMY IPEICTABJICHUIO.

Haumensbireit rpynmnoii, nuMeroIieil HeTpuBrUaIb-
HbIe TTPOEKTUBHbIC MPEACTABICHUS, SIBIISICTCS Yem-
eepras epynna Kneitna K, = 7,% 7,. [IpoekTuBHBIE
MPENCTaBICHUS JaXXKe B 5TOM MUHUMAJIBHOM cllydae
MTOPOKAAIOT OOTaThIf HAOOP CYIEeCTBEHHBIX IS (1~

1
3UKHU CTPYKTYP: OIIMCAaHUEC YaCTUIl CIIMHAa 5, KBaTep-

HUOHBI U, B YAaCTHOCTU, OMMCaHNE TPEXMEPHBIX Bpa-
1IeHuit; MaTpulibl [Tayam u cocTosinme U3 HUX MaT-
puilibl Jlupaka, jnexaliue B OCHOBE YpaBHEHUS
Jwupaka u T.1.

4.2. O6o6wernnvie ancebpuvr Knugpgpopoa
O0600611eHHO anredpoit Knuddopna HazbiBaeTcs

anrebpa, mopoxnaemasli 3J1€MEHTAMU €, €, ..., €,
YOOBJICTBOPpAIOIINMU COOTHOILLICHUAM

e =1, (4.5)

ee; = wee;, (4.6)

o) =) =1, (4.7)

Wye; = €My, W0, = W0, (4.8)

rne i, j, k, € =1,2, ..., n, N;— IONOXUTEIbHBIC TIeTbIC
qyucna.

Jutst moOBIX MATPUYHBIX MPEACTABIECHUN, UMEIO-
IIUX CMBICIT B GU3NUECKUX IPUTOKECHUSIX, JOCTATOU -
HO BBIOpAThb 3JIEMEHTBI (V; B BUIE KOPHEN U3 €MHU-
LIBI

o1 2misy/Ny
W, =W, =¢ ,

(4.9)

e s; — uensle ynucna, Ny = gcd(N;, N)). Ilpu takom
BBIOOpE HEOOXOIMMOCTh B COOTHOIIECHUSX (4.8) oT-
najgaer.

5 O6BIHOI anrebpe Knuddopna, Kotopas orpenenseTcs ¢ 1mo-
MOIIBIO PA3JIOKEHMS 3aJaHHOM KBaIpaTUIHO (DOPMBI B #-Mep-
HOM IPOCTPAHCTBE B MPOM3BENCHUE JIMHEHHBIX MHOXUTENENH,
COOTBETCTBYET CJIy4yail KOpHeil M3 eqMHULBbI 2-ii CTeleHU, T.c.

®; = —1 ¥ COOTHOLICHNSI (4.6) NpUHUMAIOT BUI e, = —ege;.
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BBensg ob6mmumii iepmon, 11 BceX KOpHE M3 enm-
HUBl N = lem({N;}) MOXHO HECKOJIbKO YHUDUIIK-
poBath (4.9):

2mit; /N

W, =e , =t

Taxum obpazom, o600meHHas anredopa Kimmddopna
3a1aeTCsI MHOXECTBOM TIEPUOI0B

NlaNZa---an

JUTST TTOPOXIAIOIIUX JIEMEHTOB U KOCOCUMMETpUYE-
CKOM 1IeJIOYUCTIEHHOM MaTpulieit

O t12 e tln
ro| e 0 e
_tln _tzn O

4.3. IIpoekmuenbie npedcmaesneHus abeneswblx epynn

I[IpousBosbHYIO (KOHEYHYIO0) abOejieBy TIpyMITy
MOXHO TIPEICTaBUTh B BUJE IIPSIMOTO IIPOU3BEICHUS
LIMKJIMYECKUX TPYIII

G=LyxLyx...X Ly . (4.10)

3ameuanme. [lukimyeckas rpymnmna pasjiaracrcs B

MpsIMOE TIPOU3BeIeHUE MOATPYIIIT TOTAA Y TOJIBKO TO-

IJa, KOrga MOpsSiAKA COMHOXMTEICH B3aUMHO MPO-
CThI, HATIpUMED,

Zkf = ZkXZ€ (=1 ng(k,g) = 1

BTOT (haKT MO3BOJISIET MOJYUUTH KiacCUUKAIIUIO BCEX
abeJIeBBIX TPYITIT C TOYHOCTBIO 10 M30MOP(pH3Ma:

GP,M = Zplml XZPE”Z X ...sz”mn,

rne P={p,, ..., p,} — MHOXECTBO MIPOCTBIX YUCEN (HE-
00s13aTeNbHO pasnuuHbix!), M = {m,, ..., m,} — MHO-
JKECTBO MOJIOXHUTENbHBIX LEIbIX Yrcea. Mbl OTHAaKO
He OydmeM mpenrionaraTb, 4To B pasnoxeHuu (4.10)
yucyaa Ny, ..., N, — CTEIIEHU IIPOCTBIX YUCEJL.

AoeneBy rpynmny (4.10) MOXXHO 3a1aTh C IOMOIIBIO
COOTHOIIIEHUI

¢'=1L ¢e;=ci6, Lj=12,..,n, (4.11)
rae ¢; 0603HaYaeT oOpa3ymoIIyI0 MHOXUTENS Z N, B
paznoxenuu (4.10). ITonpoOHOE BBEIYMUCICHUE MYJIb-
TUTLIMKATOPOB MTPOEKTUBHOTO TpeacTaBieHus st G
UCcXonsl 3 cooTHolneHuit (4.11) nmpusBeneHo B [14].
PesynbraToM BBIYUCIEHUH SIBJISIIOTCSI COOTHOIIIEHUS
IUTS TIPOEKTUBHBIX 00pa3oB e; = R(c;), MOJHOCTBIO
coBnagamne ¢ cootHoueHusMu (4.5)—(4.8) ms

000061eHHBIX anreop Kmaddopna.

5. KAHOHUYECKHW CONPAXKEHHbBIE
HABJIIIOJAEMbBIE B KOHEYHOU
KBAHTOBOU MEXAHUKE

Kanonunueckn comnpsikeHHBIE — HaOJIIogaeMble
Beiins—IlIBuHrepa BO3HMKAIOT KakK HeoOXoaumoe
CJIEICTBYE BO3MOXHOCTH OITMCHIBATh KBAHTOBBIE MH-
TepdepeHOINN B KOHEYHOMEPHOM THMIBOSPTOBOM
IIPOCTPAHCTBE.

Bboiee TOTO, B UX OCHOBC JICKUT HUKJINYCCKaA I1C-
peCTaHOBKa OJOJEMCHTOB KOHC€YHOI'O MHOXECTBA.
dakTnyecku wu3 Tpe60BaHI/ISI KOHCYHOMECPHOCTH
IIPOCTpaHCTBA CJICAYCT KOHCYHOCTb MHOXECTBA CO-
CTOSIHUM, 4YTO COI1IaCyeTcd C uaeoJioruei BEpCumn
KBaHTOBOM MEXaHMUKM, OCHOBAHHOM Ha IIEPECTAHOB-
KaX KOHCYHBIX MHOXKCCTB.

CooTtBeTcTBYIOIIasg MOAU(PUKAIINSI KBaHTOBOTO
dopmanusma [4—6], KOTOPYIO MBI [UISI KPATKOCTU Ha-
3bIBA€M KOHEYHOII KBAaHTOBOM MEXaHUKOI, 00CyXK-
nmaetcd B [16].

I. 't Xoo®dT TakKe mpeAriojiaraer, 4YTo mepecra-
HOBKM JIeXKaT B OCHOBE KBaHTOBOM »Boymonuu ([7],
cTp. 66):

We postulate the existence of an ontological basis.
It is an orthonormal basis of Hilbert space that is
truly superior to the basis choices that we are fa-
miliar with. In terms of an ontological basis, the
evolution operator for a sufficiently fine mesh of
time variables, does nothing more than permute
the states.

5. 1. Deoaroyusn 3aMKHYmMOU K8AHMOBOU CUCMEMbL

OIVH U3 MIaBHBIX ITOCTYJIaTOB KBAHTOBOI MeXa-
HMKM YTBEPKIAET, YTO IBOJIOLMS 3aAMKHYTOM KBaH-
TOBOM CUCTEMBI OTIMCHIBACTCSI YHUTAPHBIM ITIpeoOpa-
30BaHUEM.

B cranmapTHOIi (KOHTUHYaJILHOI ) KBAHTOBOI Me-
XaHUKE 3BOJTIOLMS OTIMChIBAETCSI OMHOIIapaMeTpuye-
CKOI1 (ITOATOMY HMKINYECKOI) IPYMHITION YHUTAPHBIX

L hy
npeobpaszoBanuii U'=e¢ " . UHpUHUTE3UMATBEHBIM
MOPOXIAIOIIMM 2JIEMEHTOM 3TOM TPYIMbI SBISIETCS
raMuibToHUaH H, a mapamMeTpoMm, HyMEpYIOIIUM
3JIEMEHTBI I'PYIIIbl — HETIPepbIBHOE BpeMsI ¢ € . DBO-
JIOLMA U3 3amaHHOTo coctosgHus |¥,) B cocTostHIE

[P,y omuchIBaeTCS ypaBHEHUEM

[¥,) = U'T¥,),

MH(PUHUTE3NMAJILHOM BepCUeil KOTOPOTO, IoJIydae-
Mot muddepeHInpoBaHUEM I10 BPEMEHH, SIBISICTCS
ypaBHeHue lIpenuHrepa
.. d¥
1hu = H|'V,).
ot
B xoHeYHO1 KBAHTOBOII MEXaHUKE MBI ITPEAIIoIa-
raem, 4To Ha cCaMOM IJIyOOKOM YPOBHE OIMCAHMUSI Cy-
IMPOTPAMMMWPOBAHUE
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IECTBYCT KOHCYHOC MHOXKXECTBO IICPBUYHDBIX 00BeK-
TOB

Q={0,1,...,N -1}, (5.1)

KOTOpPBIE MBI, CJIeaysi TEpMUHOJIOTUU 'T XoodTa, Oy-
neM HasbiBaTh oxmuueckumu®. J1o6oe obGpaTMMoe
Mpeo6pa3oBaHNUe 3TOT0 MHOXECTBA SIBJISISTCS TIepe-
CTaHOBKOI U3 rpyrnbl Sym(£2). Mbl MOXeM OTOXIe-
CTBUTb MHOXECTBO {2 ¢ OPTOHOPMAJIBHBIM 6a31COM
HEKOTOpPOro N -MepHOTIo r'mjib0epTOBa IPOCTPAHCTBA
¥ . DTH IpOCTPaHCTBO U Ha3uc Takxke OyoeM Ha3bl-
BaTh OHMUYECKUMU.

JI1o6y10 TIepecTaHOBKY g € Sym(£2) MOXHO TIpe-
CTaBUTb B IIPOCTPAHCTBEC %N B BUIEC YHUTAPHOIO
oreparopa

U = MM(g), (5.2)

KOMITOHCHTbBI KOTOPOTO MMCIOT BU]
‘/M’(g)k,€ = Skg’g, k,€ € Q

DBOJIIOLMS 3aMKHYTOM KBAHTOBOM CUCTEMEL B KO-
HEYHOM KBAHTOBOI MEXAaHUKE OIMCHIBACTCS LIMKIN-
yeckoil rpynnoii U', rae t € — IMCKpPETHOE BpeMs, a
MOPOXIAIOIINUM 3JIEMEHTOM SIBJSIETCSI YHUTAPHBIN
omnepartop (5.2). JlioGyo nepectaHOBKY g € Sym(Q)
MOXHO pa3IOXUTh B IIPOM3BEICHUS HellepeceKalo-
LLUXCST LIUKJIOB

g =(q)...(c;)...(ck),
K

c,fk = 1, sz = N,
k=1

rne L, — navHa 1uKia ¢, a cuMBoil 1 o0o3Havaer
TOXIECTBEHHYIO TEPECTaHOBKY COOTBETCTBYIOLIEH
TUTUHBL.

B cootBercTBUM ¢ pasnoxeHueM (5.3) omepaTtop
(5.2), MopoXaaroIInii 3BOIIOLIAIO, TPUOOpETaEeT BUL

Me) 0 ... 0
0 M) .. O

(5.3)

U =
0 0 .. JMcg)
9T0 O3HAa4YacT, YTO OHTNYECCKOE MHOXECTBO pa3-

OmBaeTcs1 B OObeAMHEHNE HEIIepeCceKaIoIIMXCs O/ -
MHOKECTB

Q=0Q,UQ,U...UQ,, (5.4)

B KaXIIOM M3 KOTOPBIX AEUCTBYET LMKJIMYECKAS
MepecTaHoOBKa, a OHTHUYECKOE TUJILOEPTOBO MpPO-
CTPaHCTBO pa3OMBaeTCs B IPSIMYI0O CyMMY WHBapu-
AHTHBIX TIOAMPOCTPAHCTB

?CN :%Ll (—B%LZ (_B'”@%LK’

YHUTapHAsI BOTIONNS B KaXKIOM 13 KOTOPHIX 3a-
nmaetcst onepaTtopom Buaa (2.3). [ToaTromy MBI MOXeM

6oy XoodT UCTONB3YeT CJIOBO ontic KaK coKpalleHue 1js ontolog-
ical.

ITPOTPAMMUPOBAHUE Ne 5 2023

paccMaTpMBaTh 3BOJIOLUIO B KaXOOM M3 MOAMHO-
JKECTB B pasjiokeHuu (5.4) He3aBUCUMO OT OCTaJlb-
HBIX TTOOAMHOXECTB, IIPUYEM 3Ta DBOJIOLUS OyoeT
NPOCTON LMKINYECKON MepeCcTaHOBKOM.

YTo0OBI M36eKaTh TPOMO3IKNX 0003HAUCHUI ISt
BBIACJICHMUSI OMHOTO M3 MOAMHOXECTB B pa30MeHUU
(5.4), Mmbl OyaeM paccMaTpUBaTh LHIUKIJINUECKYIO 3BO-
JIIOLIVIO IJTUHBL N BCEro OHTUYECKOTO MHOXKECTBA.

5.2. Kanonuuecku conpsicerHbie Habarooaemole
U 83aUMHO HecMeuwjeHHble Oa3UCh!

OHTHYeckuit 6a3uc, B coorBeTcTBUM C (5.1), nMe-
€T BU]L
%o = {|0>’|1>”|N_1>} (55)

[uxnunyeckas 3BOMIOLMS TOPOXKIAETCI OHTUYECKOM
KaHOHWYECKOil HabmogaemMoii & , JeiicTBIE KOTOPOIA
Ha 3JIeMEHTbI OHTUYECKOTo 6a3uca (5.5) uMeeT BUI

Xk = |k — I(mod N)).
HopmupoBaHHBIe COGCTBEHHBIE BEKTOPHI HAaOIOAA -
eMoit X 0Opa3yioT OPTOHOPMAITbHBI Ga3uc

%8 = {|0>’|1>’7|N - 1>}9
KOTOPBII MBI HAa3bIBAEM 3HEpeemu4eckKum’ .

B sHepretnueckoM 6asuce, Imepexol K KOTOPOMY
OT OHTUYECKOTO OCYIIECTBIISIETCSI IIpeoOpa3oBaHUEM
dypre, onepatop X UMeeT BULI

(5.6)

. 2 N-1

¥ = diag(l,o, " ,...,0" ),

_ omi/N . .

e ®=e — 0a30BbIi IPUMUTUBHBINA KOPEHD U3
eIUHULBI cTereHu N .

B pasnene 3 nokasaHo, 4yto 6Gasucskl (5.5) u (5.6)
SIBJISTIOTCS. B3AaMMHO HECMEIEHHBIMM, a OIepPaTOPhbI
%* m % o6GpasyioT 6a30ByI0 IMTapy KaHOHUYECKHU CO-
MPSDKEHHBIX HA0JII0JaeMbIX.

5.3. Keanmoesas mepeonoeus
6 KOHeUHOIUl K8AHMOBOU MEeXaHUKe

KBaHTOBasi Mepeojiorusi M3y4yaeT B3aMMOCBSI3U
MOICUCTEM COCTAaBHOM KBAHTOBOM CHUCTEMBI MEXIY
c000if 1 cucrteMoii B 1IeJIOM. 3aJaHHOE MHOXKECTBO
(JTOKaJIbHBIX) KBAHTOBBIX CUCTEM JIETKO OOBEANHUTH
COIVIaCOBAHHBIM C IIpaBUJIaMU KBAHTOBOIM MEXaHUKU
CII0co00M B (IIOOAIbHYI0) KBAHTOBYIO CHUCTEMY, IS
KOTOPOI1 JIOKAJIbHBIE CUCTEMBI SIBJISTIOTCS TTOICUCTEMA-
mu. bonee BaxHOI, MHTEPECHOI M TPYIHOU SIBJISIETCS
oOparHasl 3amava: pasJIoKWUTb 3aJaHHYI0 KBAaHTOBYIO
CHCTEMY Ha MOICUCTEMbI HauboJIee pa3yMHBIM (B COOT-
BETCTBHU C ONPENEICHHBIMU KPUTEPUSIMU ) CIIOCOOOM.

7 Mst MOJB3YeMCSI 3TUM TEPMMHOM ITOCKOJIbKY COOCTBEHHbBIE
3HaYeHUsI oniepatopa & MPeACTaBIsIOT COO0M 9KCITOHEHTHI Ya-
CTOT, KOTOpBbIE€ TPOIOPIIMOHATBHBI SHEPTUSIM COTJIacHO (hop-
myie [Tnanka E = hv, cuuTaroleiicsl cnpaBeaIuBOM IJIsl ITepu-
OIMYECKOTO Mpoliecca 000 MPUPOIbI.
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I['p0EepTOBO TTPOCTPAHCTBO TIOOATHPHON CHUCTEMBI
SIBJISIETCSI  TEH30PHBIM  TIPOM3BEACHUEM JIOKAJBbHBIX
MpOoCTpaHCTB. JIerko Iokasarh, YTO MEXIy 0a3mcoM
[I00AILHOTO IIPOCTPAHCTBA 1 HAOOPOM JIOKAIbHBIX O0a-
3MCOB CYIIIECTBYET B3aUMHO OIHO3HAYHOE COOTBET-
CTBHUE, T.€., HE TOJIbKO MOXHO TTOCTPOUTD INTOOAJIbHbII
0a3uc U3 JOKAIBHBIX, HO MOXHO OTHO3HAYHO BOC-
CTAaHOBUTH BCE JIOKaJibHbIE 0a3MChl UCXOIs U3 IJIO-
6anpHoro [17—19]. ITockoJibKy Bce 6a3nchbl TUILOEP-
TOBa IIPOCTPAHCTBA JIEXXAT HA OTHOM OPOUTE TPYIIITHI
YHUTApHBIX MpeoOpa3oBaHUli, KOHKPETHOE pa3Jio-
XKEeHHUEe II100aJIbHOM KBAaHTOBOM CHCTEMbl Ha ITOACH-
CTEMBI MOXHO ITOJIyYMTh, 3a1aB HEKOTOPOE Pa3jIoKe-
HUE pa3MEpPHOCTU INIOOAJIbHOTO IIPOCTPAHCTBA Ha
MHOXUTEIN U 3a(pMKCUPOBAB HEKOTOPKLIM YHHUTap-
HEBII1 onepaTop B II100aIbHOM IIpocTpaHcTBe. [locie
9TOrO0 OCTaJibHbIE XapaKTePUCTUKU Pa3JIOXKEHUS
(KBaHTOBBIC KOPPEJISILINY, SHEPTUU B3aUMOICICTBUS
¥ T.0.) BEIYUCIISIIOTCS CTAaHIAPTHBIMU CIIOCOOaMM.

BriOpaB B KauecTBe I7100aJIbHOIO IIPOCTPAHCTBA
OHTHYECKOE MPOCTPAHCTBO # \, B KAUeCTBE Paziio-

KEHUA paSMEPHOCTU — pPas3JIOKCHME Ha DJICMCHTAap-
HBIC MHOKMTECJIN

N = p"py..pe...pes, (5.7)
T7Ie BCe p;, — pa3UYHbIE IPOCThIE YKCIIA, a B KAYECTBE
YHUTApPHOIO omneparopa, (PUKCUPYIOLIETo Io0alb-
HBIIf 6a3UC — KAHOHUYECKYI0 HabmomaeMyto &, Mbl

MOJIYYUM CJIeAyolllee pa3ioKeHUe IS THIbOepTOBa
MPOCTPaHCTBA

%N=%1®%2 ®®%K’

roe dimJ, = p*.
DTO pasoXeHUE 3aMeYaTeNbHO TEM, UTO [UIS He-

ro MIoOaTbHBIC HAOIIOHAEMBIC SIBIISTIOTCS TEH30PHBI-
MU NPOU3BEACHUSIMU JIOKAJIbHBIX HAOII0IAEMBIX:

%:X1®X2®...®XK,
%:ZI®Z2®®ZK

3aMeTHM, UYTO 3TH paBEHCTBA HEBO3MOXKHbI TIPU He-
COOMIOAeHNY TPEOOBAHMS PA3TAIUS ITPOCTHIX YMCET
B pasjioxeHuu (5.7).

“JlorapucdmupoBanueM” (5.8) MOXHO MOJYIUTh
BbIpaxk€HHUeE, CBSA3bIBAIOIIEE MIOOATbHBINA TaMUIBTO-
HUAaH C JOKaJIbHbIMU

H:H]®]2®"'®]K+11®HZ ®®]K
+.+1,®1,®...® Hy,

rae |, — eIMHWYHBIE MaTPULBI COOTBETCTBYIOLLIUX
pa3MepHocTeii. OTMEeTUM CrieUaIbHbIIA BUA (OpMY-
Jb1 (5.9): mo0anbHBIA TaMUIBTOHMAH PaBeH CyMMeE
FaMWIBTOHUAHOB ITOACUCTEM — “IHEpPIrusl CUCTEMBbI
paBHa cyMMme 3Hepruii mmomcuctem”. Ilpu pasimoxe-
HHUU KBAaHTOBOM CHCTEMBI Ha TTOACUCTEMBI “Hayran”’
dopmyna aHajgoruyHas (5.9) OymeT, Kak IpaBUJIO,
colepXaTh AOIOJHUTEILHO TaMWILTOHMAHBI B3al-
MOJIEUCTBUI MeXay MMOACUCTEMAMU.

(5.8)

(5.9

6. BBIYMCJIIMTEJIBbHDBIE 3AJAYA

st pellieHrsI MHOTOYMCJIEHHBIX 3a7a4 BO3HUKA-
TOIIIX TIPY UCCIIEAOBAHNY KBAaHTOBBIX MOJIEICH C MC-
TTOJIb30BaHUEM OOCYXKITAeMbIX B TAaHHOI CTaThe Me-
TOJIOB, MBI pa3pabaTbiBaeM M peaiausyeM (Ipeumy-
MEeCTBEHHO Ha s3bike CH) COOTBETCTBYIOIIHE
KOMITBIOTEPHO-aJITeOpandecKue alTOPUTMBL.

Gy AJITOPUTMBI, Cp€OU ITPOYECro, BKIIOYarT

* cpencTBa pabOTHI ¢ KOPHSIMHU U3 eqrHUILIBI. He-
CMOTpPS Ha TO, YTO OOBIYHO HCIIOJIb3yeMOE BhIPaXKe-
HUE AJid n-ro NpuMHUTHUBHOIO KOPHA M3 €AMHUIBI,
®, = e>™/" comepXNT IBa TPAHCLIEHAEHTHBIX YUCIa, €
U T, HA CAMOM [IeJIe O, — Yenoe areebpauueckKoe 4uco,
SIBJISIIOIIEeCs] KOPHEM A-TO IMKIOTOMHYECKOIO IO-
JuHoMa @, (x). [ToaToMy BBIUKUCIEHUS C KOPHIMU U3
€IMHULIBI CBOJISITCS K HECJIOXHOM aprudMeTHKe C T10-
JIMHOMaMM OT OOHOM MEPEMEHHOM.

* BeruncieHus ¢ moasmu lanya GF(p™). DnemeH-
Thl TAKUX MOJIEH UCITOJB3YIOTCS 11 HyMepaluu 6a-
3UCHBIX 2JIEMEHTOB TMJILOEPTOBBIX MPOCTPAHCTB pa3-
MEPHOCTHU p™.

* BBIYMCJICHUS C MAaTpULIAMU U3 TPyl Beitnsa—
Ieiizen6epra (2.6).

IToJI0XUTENBEHBIM C BBIYUCIUTEIBHON TOYKH 3pe-
HUSI CBOMCTBOM 3TUX MATPHUIIL SIBJISIETCS TO, UTO OHU
conepxaT poBHO N (a He N?) HEHyJIEBBIX 3JIEMEHTOB
B N-MepHOM ciIyJae.

B xauecTBe mpumepa paccCMOTpUM 3agady Io-
CTPOEHUSI MaKCUMAaJIbHBIX MHOXECTB B3aMMHO He-
CMEIEHHBIX 0a31COB B I'MJIbOEPTOBOM ITPOCTPAHCTBE
3aJaHHOM pasMepHocTU N. [IJ1s peleHus 3ToM 3a1a-
4y, TOMHUMO TEOPETUYECKUX MCCIeNOBaHUI, WC-
MOJIb3YETCS] MHOXECTBO BBIYMCIIMTEIIBHBIX CPEICTB,
TaK1X KaK KOMIILIOTEpHAas ajreOGpa, YUCIeHHbIE Me-
ToObl 1 MoneaupoBanue MoHTe-Kapio [20—23]. 3a-
Jlaya TIOJTHOCTBIO pellleHa s pa3MepHOCTell BUIa
N = p™, T.e. I CTenleHel mpocToro yucia. B atom
cilydyae C MOMOIIbI0O YHUTAPHBIX MaTpull U3 Gasuca
IIBuHTEpa B IBHOM BHIE MOCTpoeHBI N + 1 — T.e.
MaKCHMAaJIbHO BO3MOXHOE allpMOPU YUCJIO — B3aIM-
HO HeCMEeIleHHBIX 6a3UcoB. 11 cOCTaBHBIX pa3zMep-
HocTteir N = 6, 10, 12, ... 3agada He pellleHa IOJHO-
CTBIO HU B OMHOM cJiyyae. OTHOCHUTEIBHO caydast N =6,
KOTOPHBI, €CTECTBEHHO, ITOABEPICS Hanbojee WH-
TEHCUBHOMY U3y4Ye€HUIO (CM., Hampumep, [21]), nume-
eTCsl TBEpIIOe, XOTsS U He JoKaszaHHOe, yOoexkaeHue,
YTO MAKCUMAaJbHOE YMCIIO B3aMMHO HECMEIIEHHBIX
0a31CcoB B 9TOI pa3MEPHOCTU PABHO TpeM: My _4 = 3.

OOBIYHO aJITOPUTMBI IIOMCKA B3aMMHO HECMe-
IIEHHBIX 0a3MCOB OCHOBAHBI Ha padOTe C YHUTAPHBI-
MU MaTpullamMu wu3 Tpymibl Belins—Ielizenoepra
(2.6). Ml ipeniaraeM 31eCh aiTOPUTM, B OCHOBE KO-
TOPOTO JICKUT “(Pa3oBast KAIMOPOBOYHASI MHBAPHAHT-
HOCTh” OHTHMYECKOro 0a3uca, Iarolasi BO3MOXKHOCTb
IIOCTPOUTH IIOJITHOE MHOXKECTBO HEIKBUBAJICHTHBIX
KOMIUIEMEHTapHBIX HapTHEPOB OHTUYECKOTO Oa3uca.

IMPOTPAMMMWPOBAHUE

Ne 5 2023
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6. 1. KombunamopHulii areopumm noucka 63aumHo
HecMeweHHbIX 6a3Uco8

Iycts B, ={|0), ..., [k), ..., [N — 1)} — oHTHUECKMit
0asuc. KanubpoBoyHoe mpeodOpa3zoBaHUe 3TOro Oa-
3KCa, CBOASIIEECS K YMHOXEHHIO €r0 9JIEMEHTOB Ha
NpOU3BOJbHEIE (ha30BbIe MHOXUTEIH, MIPUBOAUT K
OpPTOHOpPMAaJIbHOMY 0a3ucy

2miy 2miy 2miy

"IN =1

1€ MbI UCITOJIb3YEM o0o03HayeHue
)\:{7\10,...,7\. "}\‘N—l}'

bazuc B, , duznueckn HEOTIAUYMM OT UCXOTHOTO Oa-

3uca %B,, TOCKOJIbKY UTypupylonue B KBAaHTOBbIX
M3MEPEHUSIX IMPOEKTOPHI B 6a3MCHBIE TTOMIIPOCTPaH-
CTBa HE MEHSIIOTCSI:

2miy 2miy

)k — eV lky(kle Y = [k)(kl

OmHako Tiepexol K KOMILUIEMEHTapHOMY Oas3ucy
By = FRB,,, €-it a1eMEHT KOTOPOTO UMEET BUJIL

2mi

6 = erk> o e,

IIPpUBOIUT K (1)H31/I‘{€CKI/I HaOIIOgaeMbIM MOCHE -

CTBUAM, ITIOCKOJIbKY B ITPOCKTOpax Oasuca %k I104B-
JIAIOTCA CbI/ISI/I‘ICCKI/I SHAYUMBbIC DJICMCHTBI, 3aBUCA-

LIME OT A
2mi
e ]

DTO OAVH U3 NPUMEPOB IPOSIBIIEHUSI KBAHTOBOM 10O~
TMOJTHUTETbHOCTH.

A€ € = Z

kkO

Boipaxkenue i |A, €) MOXHO TepemnncaTh B BUIE

Z | k> —k€+)»k

Ecnu pazmepHocTh N — HEYETHOE YUCIIO, TO BCE dJie-
MeHTHI Trpyrmnbl Beiins—Ieiizen6epra (2.6) nMmeror
repuon N, OMHAKO B YETHON pa3MepHOCTH HEKOTO-
pble 3JIeMEHTHI 3TOi IpyIIibl UMEIOT niepuond 2N. U3
(6.1) BUOHO, YTO OOECHEYNUTh AOJDKHYIO TTEPUOANY-
HOCTBb MOXHO, TIPEATOJIOXUB, YTO A, — IIeJIbIe YUCIIa
B HEUETHOM pa3MEepHOCTHU U TOJyLEble — B UeTHOM.
YeTHass pa3MepHOCTb TpeOyeT IOMONHUTEILHOTO
BHUMAaHUS TIPU IPOTPAMMHUPOBAHUH aJITOPUTMA, HO
JUJISI TPOCTOThI U3JTOKEHUSI OCHOBHBIX UJIEit airOpUT-
Ma MBI OyIeM majiee TIpenriojaraTb, 9To N — HedeT-
HOE YHCIIO.

€ = (6.1)

Kaxnpiit 6asuc 9B, , HyMepyeMblil 2JIeMEHTOM A
mHoxectBa A = {0, 1, ..., N — 1}V, komIuieMeHTapeH
OHTHYecKOMY 6azucy %B,, YTO BUTHO U3 CKAISIPHOTO

ITPOTPAMMUPOBAHUE Ne 5 2023

MpOU3BeeHUsT Oa3UCHBIX ANIEMEHTOB [k) € B, U\, €) €
e B,

k|00 == ™ = (k| MOF =

1
VN

Iyctb V), = {B, : A € A} — MHOXECTBO Bcex 6asu-
COB, KOMILIEMEHTAPHBIX K OHTUYECKOMY. DTH 0a3u-
CHI UHIEKCUPYIOTCS DJIEMEHTAMU MHOXECTBa A.

Mgl MOZKEM MHTCPIIPETUPOBATHE MHOXKECTBO
V={RB, UV,

KaK MHOECTBO BepIIMH rpada, pedpamu KOTOPOTo
SIBJISIFOTCSI KOMILJIEMEHTapHBbIe (T.€., B3BAMMHO HeCMe-
IIEHHEBIE) TTapbl 0a31COB 1, TAKMM 00pa3oM, IIpodiieMa
CBOIMTCS K KJIaCCMYECKOU 3amadye Teopuu rpadoB —
NMoucCKy Kauk® B rpadpe. MakcuManbHblE MHOXECTBA
B3alIMHO HECMEIIeHHBIX 0a3MCOB SIBJISIOTCST KITMKa-
MU MaKCUMaJIBHOTO pa3Mepa.

YuutbiBas pyHIaMEeHTAJIbHOE 3HAY€HUE KAHOHU -
YeCKOM Imapbl KOMIUIEMEHTAPHBIX HAaOI0maeMbIX X 1
Z, a TakxKe IJIsI YMEeHbIIeHUsI 00beMa BBIUMCIICHU
MBI ITIOTpeOyeM, YTOOBI MCKOMas KJIMKa 00s13aTe/IbHO
conep:Kaja 3Ty mapy.

Hab6monaemas X cooTBeTcTByeT BepiunHe R, Ko
TOPYIO MOXXHO Cpa3y UCKJIIOUUTh U3 PACCMOTPEHMUSI,
MOCKOJIBKY OHa coequHeHa pebpaMu CO BCeMU
OCTAJILHBIMU BepIIMHAMU U MOIKIIFOYACTCSI aBTOMAa-
TUYECKU K JIIOOOM KIIMKe, HalilIeHHOM B rpade V.

Hab6momaemoii Z cOOTBETCTBYET
cKuii 6a3uc”

“aHepreTuye-

B =By € Vy,
rme 0 =1{0,0,...,0} € A.

IlepBbIM IIaroM ajJropuTMa SIBJISIETCSI CKAHUPO-
BaHue MHoxecTBa A\{0} c BeimeIeHMEM MHOXECTBA
BEPIIVH V), CMEXHBIX ¢ BepiiuHoi B ,,. BBumy 60mb-
moro padmMepa MHoxkecTtBa A\{0}, aTo HauGoee Tpy-
JloeMKasl 4aCTh BBIUMCIICHUIA, BHOCSIIIIAsi OCHOBHOM

BKJIaJ, B 3aTpaThl BpeMeHU. Hanpumep, B pasMepHO-
ctu N = 11 MbI uMeeM

|A\{0}| = 285311670610 =~ 2.9%10"".

[1pu 5TOM, MHOXECTBO CMEXHBIX ¢ B, BEpIIIVH, MO-
JlyqaeMoe B pe3yJibTaTe paboThl NIEPBOTO 11ara, UMeeT
HeOOJIbIION pa3mep, HartpuMmep, |Vo| = 1210 st N = 11.

11 3aBepilialonero 1mara BelMUCIEHUN — MMOUCKY
KJIUK B rpade V), Mbl HCNIOIb3yeM aJITOpUTM bpoHa—
Kep6o1ma [24, 25]. DTOT alIropuTM SIBISIETCS OTHUM

M3 CaMbIX 3(1)(1)CKTI/IBHLIX AJITOPUTMOB ITONCKA KJINK®
" CUUTACTCA CTaHJAPTHBIM U1 pCILICHUA 3TOI 3a1a4u.

8 KJinkoii Ha3bIBaeTCs TOMHBIIL nonrpad HeEOpUEHTUPOBAHHOTO
rpada, He conepKaluiicss B 60JbIIeM MOJTHOM Ioarpade.

9 Mocne pabotsl bpoHa u Kep6oliia nosiBuics psiiy KOHKypUpy-
IOIUX aJiTOPUTMOB [26—29], HO BBUIY HEKPUTUYHOCTH ITOU
YaCTW HAlMX BBIYMCICHUWIA, BPsI JIU 1IeJIecO00pa3sHO 3aHU-
MaTbCsl CPABHUTEIbHBIM U3YYEHUEM Pa3IUYHbIX AJITOPUTMOB.
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OCHOBHOM TIPOLIETypOit HUKHETO YPOBHS SIBJISI-
eTcsl onpeaeseHre B3aMMHOM HeCMEIIIeHHOCTY 0a3u-
COB (CMEXHOCTU BepIlIuH rpadoB). DTa mpolenypa
CBOIUTCS K BEIYMCIICHUIO W aHAIM3Y BBIpAKeHUI (|1,
m|\, €). Texaunuecku yao6HO OTOPOCUTDH KO3 (D dUIm-
Lyu
JN

UMEThb JIeJIO C TTIOJIMHOMAaMU OT KOpHeil U3 eMMHUIIbI.
Torna 66bl1ast YacTh BBIUMCIEHUI CBOAUTCS K 1ie-
JIOYMCJIIEHHOUW MOMOYJISIpHOU apudMeTHKe U TOJBKO
IUJIsT OKOHYATeJIbHOTO MPUBEICHUSI BBIpaXXEeHUM T10
MOJLYJIIO LIMKJIOTOMUYECKOTO nosimHoMa D () npu-
MECHSIOTCA METOAbI MMOJIMHOMUAJIbHOM aJ1Fe6pr.
ITpoBepka HECMEILIEHHOCTU CBOAUTCS K ClIeyIO-
emMy. B pesynbrate BBIUMCIEHUSI CKAISIPHOTO MpPO-
usBeneHust (u, m|k, £) BO3HUKAET MOJTMHOM BHIa

€HTbl HOPMHPOBKH (CTCHCHI/I BbIpa>XCHU A

N-1
A(®) = Z @ O Rt
k=0

Ecnu mocne penykimu 1o @ y(®) KBampata MOMYJIst
5TOTO TTOJIMHOMA BBHITTOTHSIETCS paBEHCTBO

A’ = N,

TO MpOBEPKa MPOA0IKAETCS Ha APYTrOoil KOMOMHAIIMU
0a3MCHBIX 3JIEMEHTOB, B IPOTUBHOM CJIydae IIpOBep-
Ka IpeKpalaeTcs 1 COO0IIaeTcs, YTo 0a3UChl HE SIB-
JISIIOTC B3aMMHO HECMEIIECHHBIMUAU (OTCyTCTByeT
pedpo MeXIy mapoii BEPIINH).

C noMmolplo peaju3aliiyd 3TOTO ajJropuTMa Ha
s13bIKe CHU MBI BBIIIOJIHUJIM TTOMCK MaKCHMaJIbHBIX
MHOXECTB B3aMMHO HECMEIIEHHBIX 0a3MCOB IS
Bcex pazMepHocTeil 1o N = 11 BKIIOYUTEIbHO.

B HeTpuBManbHbIX pasMepHocTsIX N =6 u N = 10,
B CONJIACUM C pe3yJibTaTaMu paboT IpyTuX aBTOPOB,
Mbl HOYyduiu My —¢ = My _ ;o = 3, T.€., MUHUMAaJIb-
HbIe 3HAYEHUSI, TapaHTUPOBAaHHEICE HEPaBEHCTBOM
(3.1).

Bourunciaennss mpoBOOMINCh HAa IIEPCOHATIBHOM
komiibloTepe ¢ nporeccopom 3.3GHz Intel Core i3
2120. IIpuBeneM BpeMeHa BeluucaeHUl, Ty, B CEKYH-
JIax st pasMepHocTteil 8 < N < 11:

T, =47, T,=155 T, =5012,
T;, = 169278.

HMmerorcst oueBUIHBIE BO3MOXHOCTH CYIIECTBEH -
HOTO YJIYYIIIEHHUS aJrOpyUTMa U peaju3ainu, IT03T0-
My €CTh OIIpelieJicHHas Haaexma “moopaTbcsa” OO
CJIeNyIOIINX HETPUBUAJIbHBIX pa3MepHocTeid N = 12,
14, 15.

CIIMCOK JIMTEPATYPbI

1. Pattee H.H. The complementarity principle in biologi-
cal and social structures // Journal of Social and Bio-
logical Structures. 1978. V. 1. Ne 2. P. 191-200. Access
mode:  https://www.sciencedirect.com/science/arti-
cle/pii/S0140175078800074.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Schwinger Julian. Unitary Operator Bases // Proc Natl
Acad Sci U S A. 1960. Apr. V. 46. Ne 4. P. 570—579. Ac-
cess mode:

https://www.pnas.org/doi/abs/10.1073 /pnas.46.4.570.

Wootters William K., Fields Brian D. Optimal state-de-
termination by mutually unbiased measurements //
Annals of Physics. 1989. May. V. 191. Ne 2. P. 363—38]1.

. Kornyak Viadimir V. Quantum models based on finite

groups // Journal of Physics: Conference Series. 2018.
Feb. V. 965. P. 012023. Access mode:
https://doi.org/10.1088/1742-6596,/965/1,/012023

Kornyak Viadimir V. Modeling Quantum Behavior in
the Framework of Permutation Groups // EPJ Web of
Conferences. 2018. V. 173. P. 01007. Access mode:
https://doi.org/10.1051 /epjconf/201817301007

. Kornyak Viadimir V. Mathematical Modeling of Finite

Quantum Systems // Lect. Notes Comput. Sci. 2012.
V. 7125. P. 79-93. 1107.5675.

’t Hooft Gerard. The Cellular Automaton Interpretation
of Quantum Mechanics. Fundamental Theories of
Physics. Cham: Springer International Publishing,
2016. ISBN: 978-3-319-82314-0. Access mode:
https://doi.org/10.1007/978-3-319-41285-6.

. Beiiav Iepman. Teopusi rpynn U KBaHTOBasi MeXaHMKa.

Mockaa: “Hayka”, 1986. C. 496.

On Mutually Unbiased Bases / Durt Thomas, Englert
Berthold-Georg, Bengtsson Ingemar, and Z° yczkowski
Karol // International journal of quantum information.
2010. V. 8. Ne 4. P. 535—640.

D’Ariano G. Mauro, Paris Matteo G.A., Sacchi Massi-
miliano F. Quantum tomography // Advances in Imag-
ing and Electron Physics. 2003. V. 128. P. 206—309.

Ivanovic I.D. Geometrical description of quantal state
determination // Journal of Physics A: Mathematical
and General. 1981. dec. V. 14. Ne 12. P. 3241—3245. Ac-
cess mode:
https://doi.org/10.1088/0305-4470/14/12/019

Englert Berthold-Georg, Aharonov Yakir. The mean
king’s problem: prime degrees of freedom // Physics
Letters A. 2001. V. 284. Ne 1. P. 1-5.

A New Proof for the Existence of Mutually Unbiased
Bases / Bandyopadhyay Somshubhro, Boykin P Oscar,
Roychowdhury Vwani, and Vatan Farrokh // Algorith-
mica. 2002. V. 34. Ne 4. P. 512—528.

Jagannathan Ramaswamy. On generalized Clifford al-
gebras and their physical applications // The legacy of
Alladi Ramakrishnan in the mathematical sciences.
Springer, 2010. P. 465—489.

Kupunnos A.A. DneMeHTbl TEOPUU IIPEACTABICHUIA.
Mocksa: “Hayka”, 1978. C. 343.

Banks T. Finite Deformations of Quantum Mechanics //
arXiv: High Energy Physics — Theory. 2020. Jan.
P. 2001.07662.

Kornyak Viadimir V. Quantum mereology in finite
quantum mechanics // Discrete and Continuous Mod-
els and Applied Computational Science. 2021. V. 29. Ne 4.
P. 347—360. Access mode:
https://journals.rudn.ru/miph/article /view,/29428.

Kornyak Viadimir V. Subsystems of a Closed Quantum
System in Finite Quantum Mechanics // Journal of
Mathematical Sciences. 2022. Apr. V. 261. P. 717—729.

[MPOTPAMMUPOBAHUE Ne5 2023



19.

20.

21.

22.

23.

JOTMOJHUTEIBHOCTb B KOHEYHOM KBAHTOBOW MEXAHUKE

Access mode:
https://doi.org/10.1007/s10958-022-05783-2

Kornyak Vladimir V. Decomposition of a Finite Quan-
tum System into Subsystems: Symbolic—Numerical
Approach // Programming and Computer Software.
2022. Jul. V. 48. P. 293—300. Access mode:
https://doi.org/10.1134/S0361768822020062

Brierley Stephen, Weigert Stefan, Bengtsson Ingemar. All
mutually unbiased bases in dimensions two to five //
Quantum Inf. Comput. 2010. V. 10. P. 803—820.

Brierley Stephen, Weigert Stefan. Constructing mutually
unbiased bases in dimension six // Phys. Rev. A. 2009.
May. V. 79. P. 052316. Access mode:

https://link.aps.org/doi/10.1103/PhysRevA.79.052316.

Three numerical approaches to find mutually unbiased
bases using Bell inequalities / Colomer Maria Prat,
Mortimer Luke, Frérot Iréenée, Farkas Maté, and Acin
Antonio // arXiv preprint arXiv:2203.09429. 2022.

Klappenecker Andreas, Rotteler Martin. Constructions
of mutually unbiased bases // International Conference
on Finite Fields and Applications / Springer. 2003.
P. 137—144.

24.

25.

26.

27.

28.

29.

69

Bron Coenraad, Kerbosch Joep. Algorithm 457: finding
all cliques of an undirected graph // Communications
of The ACM. 1973. V. 16. P. 575—-577.

Peiineonvo 9., Husepeeaom IO., /leo H. KomObuHaTop-
Hble aJiITOPUTMbI: TEOpUs U TpakThkKa. Mocksa:
“MHUP”, 1980. C. 478.

Tarjan Robert Endre, Trojanowski Anthony E. Finding a
Maximum Independent Set // SIAM Journal on Com-
puting. 1977. V. 6. Ne 3. P. 537—546.
https://doi.org/10.1137/0206038

Carraghan Randy, Pardalos Panos M. An exact algo-
rithm for the maximum clique problem // Operations
Research Letters. 1990. V. 9. Ne 6. P. 375—382. Access
mode:  https://www.sciencedirect.com/science/arti-
cle/pii/016763779090057C.

Robson John Michael. Algorithms for Maximum Inde-
pendent Sets // J. Algorithms. 1986. V. 7. P. 425—440.
Ostergdrd Patric R.J. A fast algorithm for the maximum
clique problem // Discrete Applied Mathematics. 2002.
V. 120. Ne 1. P. 197—207. Special Issue devoted to the
6th Twente Workshop on Graphs and Combinatorial
Optimization. Access mode: https://www.sciencedi-
rect.com/science/article/pii/S0166218X01002906.

Complementarity in Finite Quantum Mechanics and Computer-Aided Computations
of Complementary Observables
V. V. Kornyak

Joint Institute for Nuclear Research, Dubna, Moscow oblast, 141980 Russia
e-mail: vkornyak @gmail.com

© 2023 r.

Mathematical formulation of Bohr’s complementarity principle leads to the concepts of mutually unbiased
bases in Hilbert spaces and complementary quantum observables. In this paper, we consider algebraic struc-
tures associated with these concepts and their applications to constructive quantum mechanics. We also brief-
ly discuss some computer-algebraic approaches to the problems under consideration and propose an algo-

rithm for solving one of them.

ITPOTPAMMUPOBAHUE Ne 5 2023




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (Photoshop 5 Default CMYK)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        14.173230
        14.173230
        14.173230
        14.173230
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /ClipComplexRegions true
        /ConvertStrokesToOutlines false
        /ConvertTextToOutlines false
        /GradientResolution 300
        /LineArtTextResolution 1200
        /PresetName ([High Resolution])
        /PresetSelector /HighResolution
        /RasterVectorBalance 1
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 14.173230
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


