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1. ITocranoBka 3agauyn. [1ycTte mMmeeTcst cucreMa nugdepeHInaIbHBIX YPaBHEHUIA

dx _
dt
ITycts GyHKUMU f] U f, UMEIOT HENTPEPBIBHBIE YACTHBIE IPOU3BOIHBIE 110 X, Y U, KPOME TO-
TO, YIOBJETBOPSIIU COOTHOIICHUIO

2 2 2 2
VR + < M(xP+)7)
ITpu stoMm, cuctema (1.1) MMeeT TpUBUAIBHOE pelIeHNe, Ha3biBaeMoe TOuKoit okost (0,0).

B npuxiiagHbIX 3agayax 4acTo TpeOyeTcsl BhISICHUTD, OyAeT Jiu pa3oBasi TpaeKTOPUS MpU
YBEJIMYEHUU BPEMEHU TOKMIATh OKPECTHOCTb TOYKM MOKOSI MW HET, UHBIMU CJIOBAMU,
YCTOMYMBA UM HEYCTOYMBA TOYKa MOKOs. B HaimeM ciiydyae JiMHeapu3oBaHHasl CUCTEMA,

v+ (), %z—x—l—fz(x,y) (1.1)

nmojay4dyaemasd OT6paCI>IBaHI/I€M BO3MyHIAaOIIMX YJICHOB fi nu f2, HMECT I1apy YMCTO MHUMBIX
XapaKTCPpUCTUUYCCKUX KOpHCﬁ, " TTO3TOMY C ITOMOIIBIO JIMHEHOTO ]'[pI/I6J'II/I)KCHI/I$I HCJIb34
OTBETUTH Ha BOIIPOC 00 YCTOIZHHBOCTH TOYKMU ITOKOA.

B npenmnonoxeHnn aHATUTUYHOCTU GYHKUUI f U f, pAOOM MCcllefoBaTeNeil, HaYnHasi ¢
Ilyankape [1] u JIsmyHoBa [2], ObUI TaH cIOCO0 MCCAeIOBaHUSI YCTOMYMBOCTU C TMTOMOIIIBIO
WHTETrpupoBaHUs cuctembl (1.1) B Bue psiioB MO CTENEHSIM Majioi aMIUIMTYIbl HAYaJIbHOTO
OTKJIOHEHUSI OT TOUYKM TTOKOsI. DTOT CIOCOO 3HAUYMUTENILHO YCJIOXHSIETCS, €CJIU TIPUXOIUTCS
BBIUUCTISATH OOJIBIIIOE YMCITIO KOI(DGDULIMEHTOB psifia, YTOOBI BBISICHUTD, YCTOHYMBA TOUYKA MO~
KOSI WJIN HET.

Hwuxe uznaraercs croco6, MO3BOJSIONIMK YITIPOCTUTh BBIYUCIEHUS U OCBOOOIUTHCS OT

TpeOOBAHUS AHAUTUTUYHOCTU PYHKUMIA f; U f5.
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ITocKOJbKY KaXIblii BEKTOP MOXET OBbITh ITPEACTABIIEH B BUAE IBYX COCTABJIAIOLIMX COJIE-
HOWIAIBHOI U MOTCHLNATBHOI, TO 3aIuiieM BeKTop a = { f;, /»} B Bune

¥ |, 0P _Jd¥ ad)
-¢r o= 1.2
A dy " ox’ S = ox By (1.2
npuyeM
2 2
Ay =9 W (1.3)

ox? 9y’ dy ox

CootHomieHuem (1.3) dynkuusa ¥ onpenensieTcss HEOTHO3HAYHO (C TOYHOCTHIO IO MPO-
u3BOJIbHOTO penieHust ypaBHeHuss AW = 0). [TomunHum pemeHust ypaBHeHus (1.3) yciioBuio

3/2
|‘I’ (x,y)| <M, (x2 + y2)

ITocne Toro xak OymeT BHIOpaHO HEKOTOpPOE YacTHOe pellleHre ypaBHeHUs (1.3), ogHO-
3HAYHO OTpeNeIIsieTCsT TOTeHIIMAIbHAST COCTABIISIIONIAS.
BribepeM HekoTopoe yacTHoe peluieHue ypaBHeHus (1.3) W, torna cuctema (1.1) moxer

OBbITH 3aTIMCaHA B BUIE
dt dy ox

1.4
dy_ ¥, 00 (14

dt ox 9y
B KauecTBe HEBO3MYILEHHON CUCTEMBI OYIIEM PacCMaTPUBATh CIIELYIOIIYIO
dt dy (1.5)
ay__ ¥
dt 0x

Cucrema (1.5) uMmeeT nepBhIiA UHTErpaJl BUOA

H = %(x2 + y2) +%¥(x,y) (1.6)

Ha cdasoBoii miockocty (x, y) dyHkuus H = %(x2 + yz) + W onpenenseT BOIM3M Hava-

JIa KOOpAWHAT CEMEMCTBO 3aMKHYTBHIX KPUBBIX, OKPYXKAIOIIMX Havyajlo KoopauHat. bymem

cynTarth (x, y) pelieHreM BO3MYIIeHHOM cucteMsl (1.4) 1 mpocieanm 3a U3MEHEHHeM Ben-
yuHbl H . UMeeM

dH:E)H).H_aHy:aHSQ_i_aH@

dt  ox dy ox dx dy oy

B HavanbHbBI MOMEHT BpeMeHU ¢ = (0 BeamunHa H = H,y, To ecTb Ha (ha30BOIi IIOCKOCTU

TOUKa (X, V) JIEKUT Ha HEBO3MYLIEHHOU TpaekTopun H, = %(x2 + y2) + V. Haiinem npu-

(1.7)

paiieHue BeJquuuHbl AH 3a Bpems T (HO), paBHOE Mepuoay NBUXKeHUsT (ha30BOii TOUKU MO
HEeBO3MYIIEHHON TPAaeKTOPUM, UMEEM

T(H,)
AH = | (B—HSE+8—H62jdt =
5 \dx ox dy Oy

T(f0)|:(x_a;q))a£+(a£—yja£:ldt a(Dd aq) ly (1 8)
3 ox/ dy dy 0x rdy ox ’
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I KOHTYPHbII UHTEIPa BHIYUCISIETCS] OT HAYaJIbHOU TOUKH (X, V) BOOJIb BOSMYLICHHOM
TPAeKTOPUU.

Hapsiny ¢ AH paccMotpuM n3MmeHeHue AfH BOOJTb HEBO3MYIIEHHON TPaeKTOPUM 3a TO
K€ caMo€ BpPEMSI, TO ECTb UMEEM

. T(f’o)[a_H@ . B_HSLD)J, L _8<1>d (1.9)
! 5 \dx ox dy &y I dy ox

Kpome Toro, Bo3bMeM eliie OaHO TpUpalleHue BIOJIb HEBO3MYIIIEHHOM TpaeKTOpUH, KO-
TOpPOE OMpPEACIUM CIIEAYIOLIUM 00pa3omM

ASH =

T(H0+AH)(
(1.10)

8_H82+8_H62jd cﬁaq)dx E)(I)d
ox &x dy Oy

0

Ipu atom I'f u I's — daszosble TpacKkTOPUU HeBo3MyLueHH017I CUCTEMBI, COOTBETCTBYIO-
uve noctossHHbIM Hy u Hy + AH . Paccmotpum pasHoctu AH — AfH u ASH — AH

0 d 0 d
AH — A¥H = jj[ (D+7cpjdd ja—i’dx—a—i’dy

PR azqaj oD , D
ANSH — AH = —||| =— + = |dxdy — —dx ——dy
? Q (axz oy’ {,6 I

jd dy +”(a—cb+dexdy}

p-f=n-1-1 (L1

3, 12461 4564 12361
Bce nompiHTErpaibHble (hyHKIIMA UHTErpajioB, CTOSIIIMX B MpaBoii yactu paBeHcTBa (1.11),

BBIUUCIIAIOTCA B Konblie Hy, Hy + AH . Eciin 0603Ha4nTh 4epe3 M; Hanbosbllee 3HaYEHNE
BEJINYUHBI

2
AH = %{A?‘H +ASH - ﬁ(a—‘f
Y,

ox
Janee nmeeM (puc. 1)

E)f af
ox’ ay

TO TIOJIYYMM CJIETYIONIYIO OIIEHKY

”[@+a—®}d dy —H(a—(b+a—q)jdxdy

_[oh L

B konbuie Hy, Hy + AH,
ox dy

< 3M,S,
dy

e S — IIoIaab KoJblia.
MoxHo 1nokasars, 4to S < C; (Hy)|AH|, npuuem C, (Hy) — 0 npu Hy — 0.
Takum o6paszom, BenuurHa AH ynoBleTBOPSET HEPABEHCTBY

AH > %{(ATH 4 A’;H) _3MG |H|} (1.12)
HepaBeHcTBo (1.12) 5KBUBaJICHTHO CJIEIYIOIIMM IBYM HEpaBEHCTBAM:

) A > LAH+ASH o AH >0

2 1+%M3C1
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Puc. 1.
* *k
2) AH ZlAle»ﬂ’ ccnn AH <0
2 1=2 MG

MoxHO Bcerna BbIOpaTh TaKOW KPyr paauyca r, YTo ISl BCEX TOUYEK 3TOro Kpyra BbIIOJ-
HseTcs ycnoBue 1 > %M3C1. Jlajiee MpeanosoxXum, 4To B Kpyre 7, 1Sl BCEX HEBO3MYLLEH-
HBIX TPAEKTOPUA BbINIOJHsETCs yeaoBue A* > 0 (nmpu H # 0). BeibepeM , = min {rl, rz}, TO-
r1a B Kpyre paguyca ry AH > 0, npydeM noyyyaeM OLeHKY CHu3y s AH

Ay > VATH + ASH

2 1+%M3C1

[TycTb B HauabHBI!t MOMEHT BpeMeHHU ¢ = () Touka Ha (ha30BO MIIOCKOCTU JIEXKUT B Kpyre
pannyca r; < k. [lTockonbKy AH TIONOXUTENbHA, TO Yepe3 KOHEUHOE YMCIIO TIEPUOIOB TOU-

Ka IIOKUJAET KPYT paauyca 73 U BEPHYTLCA Tyla HE MOXET, TO €CTb Ha4aJl0 KOOPIMUHAT He-
YCTOMYHUBO.

3ameuanue. Ecin TpaeKTOpUST BO3MYIIEHHOM CUCTEMBbI (n - 1) pa3 mepeceKkaeT HeBO3MY-

LIeHHYIO TpaekToputo Hy + AH 1 AH noitydaercs OLieHKa CHU3Y
*k *
AH > 1ATH + ASH
21+ gM3C1

HTak, nokasaHa cliefytonas Teopema:
Teopema 1. Eciiu B HEKOTOPOI1 OKPECTHOCTY Hauajla KOOpAMHAT npupalieHue pyHkuuu H
3a Mepuoj HEBO3MYILIEHHOTO pelleHUsI 00JblIE HYJISI, TO HaYal0 KOOPAUHAT HEYCTOMUYUBO.
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AHAJIOTUYHO MpeabIAyIIEMY MOXET OBbITh OOKa3aHa TeopeMa 00 acMMMOTOTUYECKOi
YCTOHYUBOCTHU TOUKHM MOKOSI, €CJIM TTOTPeOOBaTh, UTOOHI IipupalieHue hbyHKiuu H 3a nepu-
01 HEBO3MYILIEHHOTO pellieHUs ObLJIO MEHbIIIE HYJIS.

BosHukaeT cienyoniuii BOpoc: MOXHO JIM BBIOOPOM pelleHUsI OMHOPOIHOTO YpaBHEHUS
Ay = 0 (mpuyeM NopsIIOK IO » AOJIKEH OBbITh He MeHbllIe, yeM hyHKUMK V') U3BMEHUTD 3HaK

BennunH AFH , A3 H , a, cienoBarenbHo, AH .
Teopema 2. Eciu Touka (0, 0) HeycToiiuMBa, TO 1151 JI0OOTO BIGOpa GyHKIMU

F[:%(x2+y2)+‘l‘+qf,

npupaiieHue ¢GyHKuun AH 3a Mepuoa HEBO3MYILIEHHOIO PEIleHUs], COOTBETCTBYIOIIETO
dyHkuuu H , coxpaHsieT 3Hak.
Wrax, mycTs Touka (0,0) HeyCTOYMBa; MPEOIOKHUM, YTO BBIGOPOM PELICHUS ypaBHe-

HUsI A = 0 MOXXHO cziesiaTh npupanieHue Af H 3a nepuosn HEBO3MYILIEHHOTO PelIeHUsI, CO-

OTBETCTBYIONIEro (hyHKIMU H , oTpuliaTeabHbIM, Toraa Touyka (0, 0) OymeT acCuMITOTUYECKH
yCTOMYMBAa B COOTBETCTBUU C TEOPEMOU 00 aCUMIITOTUYECKOM YCTOMUUBOCTU. I10CKOBKY
MBI IIPUIILIA K TIPOTUBOPEYHUIO C YCJTOBHEM O HEYCTOMUYMBOCTY TOUKHU, TO 3HAK MpuUpallle-

Hus A¥H N3MEHUTHCS He MOXET.
[TpakTU9IeCcKH BEIYUCIICHUST MOTYT OBITh IIPOBENEHBI CISTYIOIINM 00pa3oM: MyCTh BEIOpa-
Ha pyHKIIMS
H :l(x2 +y2)+‘P
2
IMpupamenue A* H BIOIs HEBO3MYIIIEHHOM TPAEKTOPUHU BBIYMCIISIETCS TaK
o,  d
A*H = gS e — 9P g, =  frdx - fidy = - |[ (ﬁ+ﬁ dxdy (1.13)
e ay ox e $.\0x dy
[ o6aerdyeHusT BEIMMCIICHUI 11eJIecoO00pa3HO BBECTH MOJISIPHBIC KOOPAUHATHI
X =rcosQ, y=-rsin@
YpaBHEHUE HEBO3MYILICHHON TPaeKTOPUU 3aMKMCHIBACTCS TaK

H =%r2 + ¥ (rcos@,—rsin @),

WJIM C TOYHOCTBIO 10 BBICIIMX cTeneHeir H

r =i - (V2 cos 0.~ sino) + )

Pasenctso (1.13) B mossipHBIX KOOpAMHATaX (X = ¥ COS Q, ¥y = —F Sin 0) IPUHUMAET BUJ,

A*H = j j[ af;zjdr

o =211 _ﬁw(@com_@sm) o

(1.14)

2. IIpumepsl
2.1. PaccMOTpUM yCTOMYMBOCTD MOJIOXKEHWSI PABHOBECUSI CUCTEMbI
dx dy

2 2
=y, —=-x—-pBx" -2Wwy+o
prinE B Xy + oy



OB OJJHOM METOJE AHAJIM3A YCTOMUYMUBOCTU TOUYEK IMOKOS 647

TpaekTopur HEBO3MYIIIEHHO CUCTEMBbI ONPENESIOTCSI COOTHOIIIEHUEM
_1(.2 2y, 1( 2 2
H—2(x +y )+4(x +y )(Bx+yy)
Brruucnenus: no dopmyiie (1.14) npuBoasT K pe3yabTaTy
A*H = (Y8 +30) H” + O(H?) 2.1)

CreoBaTeIbHO, HAYaJI0 KOOPAMHAT YCTOMIMBO, eclii Y + 300 < 0 ¥ HEyCTONYMBO, eCiTn
vB + 3o > 0.
Bce paccyxxaeHus HEmOCPenCTBEHHO MEPEHOCITCSI Ha CUCTeMbI BUAa

dx 2k+1 dy 2m+1
== + A(xy), Z===x""+ f£(xY),
5= fi(x,) ” f(x,)

rae k,m — LeJble TIOJIOXUTENIbHBIC Yncia, a GyHKIUU f| U f, UMEIOT HelIpEePhIBHBIE 4acT-
HBIE TIPOM3BOIHBIC TI0 X, ¥ Y YIOBJIECTBOPSIOT YCIOBUIO

\/f12 +f22 < M\/x2m+3 +y4k+3

Kak v B nmpeapiayiieM ciaydyae, BBOAUM COJICHOMIATbHYIO U TTOTEHIIMATbHYIO COCTaBIISIIO-
II1e BEKTOopa d = ( f» fz). Torna dynkunu ¥ 1 @ cripaBeniuBbl ypaBHEHUS

IV LY _U
o ay2 S0y ox
R aq> _oh
n’ 8y2 ax " dy

a HCBOBMYUICHHBIC TPACKTOPUU OITPEACTAOTCA COOTHOILICHUEM

2(k+1 2(m+1
H = y( ) + X +W¥(x,y)
2(k + l) 2(m + 1)
BrluuciigeM TNpUpALLEHWE BIOJb HEBO3MYILIEHHONW TPAaeKTOPUU: €CIM OHO OKAa3bIBAETCH
Gosble HyJs1, To Touka (0,0) HeycToiuMBa; eclii MeHblIe HyJist — To Touka (0,0) ycroitunsa
ACUMIITOTUYECKU.
2.2. IycTh cucTeMa ypaBHEHUI UMEET BULL

dx _ _1(.2 4 dy _ 3 5
it y+x H—2(y +x), i 2x" +y
Beruucisiem npupaileHue BI0Jb HEBO3MYIIEHHOM TPAeKTOPUH;
20
A*H = jydx X’dy = 4_[de>0

4
2H — x
B naHHOM IpuMepe HeycToiunBocTh Touku (0,0) J1erko oGHapy>KMBACTCsI ¢ IIOMOLLBIO
BTOPOTro MeToa JISImyHoBa, MOCKOJIBKY

dH

= +2x° > 0,
dt y

ecan x,y # 0
2.3. HerpuBuaneHbIi ipuMep (TeopeMa YeTaeBa HEIIPUMEHUMA)

dx dy
d

5 1/.2 4 3 5
=y-x, H=-|y +x), —=—=-2x+
ar° z(y ) : d
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Bropoii meTon JIsamyHoBa 31ech HEMPUMEHUM, TOCKOJIbKY MyHKIMsA H = %(x4 + yz) He

YIOBJIETBOPSIET YCIOBUSAM 3TOT0 MeToza | 3]. [IprMeHsIst BeIIIen3103KeHHBIN CIIOCc00, MMeeM

- 3N (1) (2
aH =4 [ ALE 2 g = {224 20 s g
()

4
0 \2H —x FG)
Jist peweHust Borpoca 06 ycroitunBoctr Touki (0, 0) B 9TOM CIydae MOXHO BOCIIOIb30-

4
Takum o6pazoM, Touka (0,0) OKa3bIBaeTCsl HEYCTOMYMBOIA.

BaTbCSl MHTETPUPOBAHUEM CUCTEMBbI B BUE PSIIOB METOAOM, U3JIOKEHHBIM B pabore Jlsmy-
HOBa [4].
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On the One Method of Analyzing the Stability of Rest Points in Critical Cases

S. V. Nesterov®*

4[shlinsky Institute for Problems in Mechanics of the RAS, Moscow, Russia
#e-mail: bayd@ipmnet.ru

For a two-dimensional oscillatory system with imaginary characteristic roots of linearized
equations, a method is proposed that simplifies calculations and does not require the analyt-
icity of the right-hand sides of the equations. The method is based on the decomposition of
the vector function of the right-hand sides of the equations into solenoidal and potential
components. Integral estimates for the stability of the equilibrium position are obtained.

Keywords: equilibrium stability, Lyapunov methods
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