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B paMKax MHTETPAIIBHBIX OITPEIEIISIIOIINX COOTHOIIIEHWH IJIsT TMHEWHBIX M30TPOITHBIX BSI3-
KOYMPYIHX CPe/l C SAPaMK PAa3HOCTHOIO THIIA B CIydae HepeJaKCUPYIOIero oobeMa mpei-
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1. Onpenenstionmue COOTHOIIEHNS W MaTepHajbHble (PYHKIHHA. PaccMOTpyM MHTErpaibHbIS
onpenessiolue COOTHOIEHUSI MEXY HATIPSKEHUAMU O = §; + 60; M MajibiMu epopma-
uuAMU €; = e; + 60;;/3 I JTMHEAHBIX U30TPONHBIX BA3KOYNPYTUX CPEM C AAPAMU Pas-
HOCTHOTO THIa:

5;(t) = [R(t = )dey(1) = Rey,  e;(t) = [TI(t - 1)dsy(v) = M (1.1)
0 0
t t

o(t) = [Ri(t - 1db() = RO, 6(r) = [Tz — 1)do(v) = My, (1.2)
0 0

rae R(f) v R/(f) — byHKuMU cABUTOBOI U 00beMHOM penakcauuu, I1(¢) u I1,(r) — dyHkuuu
COBUTOBON M 00beMHOI moydydectu [1—4]. Otn GyHKUMU ciyXaT snapaMu pa3HOCTHBIX

onepatopos R, Ry, IT u I1,, Takux uto RI1 =R = I, RI1, = I1,R, = I . EnununuHblii ore-

patop / B majnbHeiIeM Il IIPOCTOTHI OyIeT 06003HAYAThLCS eIUHULICI.
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JIist onurcaHus TIOBEACHUSI CPell BO BPEMEHU MOMMMO YITOMSIHYTBIX TTpUBJIEKaOTCs 0e3-
pa3mepHbIe oniepaTopsl V (omnepatop [lyaccona), ® u 7t:

y=3RoR BT g lpm L= p o L3 (13)
6R +R 6I1 +1I, 3 1+v ®
a Taxxe oneparop IOura E:
E=2RR____9 (1.4)

R+6R  6I1+T1],
2. Onepatop 8p- Ha6op {R, RI, I, 11 1} COCTaBJISIET MHOXECTBO TaK Ha3bIBA€MBIX OCHOBHBIX

OIepaTopOB, JIETKO MOIeXKAIINX paciudPOBKe B CUITY TOTO, YTO UX sIIpa ONIPEACIISIIOTCS U3
CTaHJAPTHBIX YCTAHOBOYHBIX 9KCITIEPMMEHTOB Ha pejlakcaluio U moja3ydecTb. Iiist pacumpe-
HUS 4YuCJia ONepaTOpPHBbIX PYHKIMI, MPEACTABUMBIX B BUJIE CYMMbI TTPOU3BEIEHUIT OCHOB-
HBIX OTIEPATOPOB, a CJIeIOBATEIbHO, JOMYCKAIOIINX TOYHYIO MHTETPAJIbHYIO pacIiudpoBKY,

BBOAUTCsI oniepatop gg MiibroimnHa

& =—-—; 0<BpeR Q.0
1+ P
Ero cBoiicTBa moapoOHO ocBelleHbl B MOHOrpadusix [1, 2].

[puBenem npumep 3a1a4u TEOPUHN BSI3KOYIIPYTOCTH, B KOTOPOil BBEICHUE g3 B YMCIIO OC-
HOBHBIX OINEPATOPOB MO3BOJISIET U30EXKATh aANMPOKCUMAIIMOHHBIX METOIOB U HAUTHU TOUHOE
pelleHue.

[TycTb crutonIHoM AUCK paauyca b U3 MaTepraia ¢ onpenessiioMu cooTHoteHusiMu (1.1),
(1.2) nIOTHOCTU p BpalLAeTCsl BOKPYr CBOEH OCHM C YIIIOBOM ckopocThio (7). Tpebyercs
OIpeNeINTh BO3HUKAIOIIIEEe B pe3yIbTaTe LIeHTPUDYKHOTO 3(h(heKTa KOMbIeBOe HaMpsKe-
HHE Ggg(b,?) B TOUKAX IPAHULIBI IMCKa.

PemeHune coOTBETCTBYIOIIEHN 3aMa4y TEOPUM YIPYTOCTH O BpAIIEHWU TSKEIOTO IMCKa
caenytwouiee (cM., Harp., ([5], c. 47)):

2
Goo(b,1) = bZ(‘ —VpQ(r) 2.2)

CornacHo npuHUUIy BonbTepphl 1 CBSI3U ONIepaTopoB M M V B 3a7a4e sl BA3KOYPYroro
MCKa

L+20 2.3)
2+0®
JApoOHO-1mHeliHY0 GyHKIMIO (((M) HEJIb3s MPENCTABUTh KOHEYHOI CyMMOI NPOU3BEACHUI

2 2
Goo(b.1) = %(1 —VpQ(1) = ”ﬂ(a»psf(r); @) =

13 HaGopa {R, Rl, I, l:Il}. Ho B 1O X Bpems

N
_ 3/2 _
0 =2-—T= c, 2.4
@ 1+ @2 ;0 &by (2:4)
c mapamerpamu N =1, B, =0, ¢y = 2, B, = 1/2, ¢ = —3/2. Takxum 06pa3oM, MOKHO IaTh

TOYHOC BBIPAKCHUEC IJI KOJTbLUEBOTO HAIIPAKCHU A
b2p t t
2 2
Gonb1) = == | 480t = DAQ () = 3[gi ot ~ DI (D) (2.5)
0 0
Bo3MoxHBbIE YCTaHOBOYHBLIC J3KCIECPUMEHTLI OJId HEIIOCPECACTBCHHOIO OIPCACIICHUA

byHKUUMU gp(?) onucaHsl B ([1], c. 1125 [2], c. 109). B oOuiem cinyyae CBsI3M 11apOBBIX Ya-
creit (1.2) OHM TOCTATOYHO CJIOKHBI B OCYIIECTBJICHUU U PA3JIUUHBI [IJIS pa3HbIX IUanas3o-
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HOB u3MeHeHus f. Tak, 1151 0 < B < 1/2 K viccnenyeMoMy 06pasily He0OX0IMMO MOCieoBa-
TeJIbHO MPUCOCAUHUTh CKPyUYMBaeMblii 0Opa3ell, U3rOTOBJIEHHBIM M3 TOTrO XK€ MaTepuasa,
4TO U OCHOBHOM, U OJHOU U TO¥M Xe& CUJIOW paCTIATUBATh IMEPBBLII U CKPYYMBATh BTOPOW
obGpasell.

Ilpoiie cutyauuss B ciiyyae BS3KOYINPYroid MOJENU C HeEpeIakCUpyoIIUM OO0bEMOM
(R (r) = K, I1,(t) = 1/K), B KOoTOpOIi 1apOBBIE YacTH G(f) 1 B(f) CBSI3aHbI yIIPYTUM 3aKOHOM

o(t) = K6(t) (2.6)

¢ MonysieM oobeMHoro cxkatusi K = const. Torna BMeCTo CKpy4yrMBaeMoro BToporo oopasiia
B ITPEAbIAYIIEM SKCIIEPUMEHTE MOXKHO B3SITh paOOTAIOIIYI0 Ha pacTSDKeHUE TIPYKUHY 3adaH-
HOI1 B 3aBUCMMOCTH OT IapameTpa [} KeCTKOCTH.

OcTaHOBUMCS B JajibHelleM noapoOHee Ha ciydae (2.6) U MpeIIoKUM JOIOIHUTEIb-
HBIC BO3MOXHBIC YCTAHOBOYHBIC SKCIIEPHMEHTBI [UIsl ONpPeneIeHUs siupa ga(f). 3amernm,
yTto onepatopsl (1.3) u (1.4) npumyT BUI

V:31<—R:31<ﬁ—1 ~_ R 9KR

* -, ®=-—-, ®=3KM, E=-2""—, (2.7)
6K+ R O6KII+1 3K R+ 6K
a caM onepatop (2.1) OyneT BHIIVISIACTh CJIEIYIOIINM 00pa3oM:
. 1
= (2.8)
8 1T BR/GK)

Ecnu nBe hyHKuuu x(¢) u y(¢f) cBsi3aHbl MEXIy COOOI ONepaTOPHbIM COOTHOLIEHUEM

y(®) = (gp)(t) = Jgg(f — Ddx(7), (2.9)
0

TO 06paTHa91 CBsA3b UMECT BU,
B t
X(0) = () + = [R@t = Ddy(@) (2.10)
3K

Drcnepumenm 1. COSIMHUM TApAIUIENbHO YIPYrHil anemeHT ¢ momysieM FOnra E u
CJIO M3 MCCIEIyeMOro BSI3KOYNPYTOro Matepuana ¢ OnpenesisiionmmMu cooTHoteHusiMu (1.1)
u (2.6) (puc. 1). [Ipu meiicTBUM OCEBBIM HaNpsDKEHUEM O(f) YIIPYTHIA 2JIeMEHT paboTaeT Ha
pacTsixeHue, a cioii Ha caBur. Tak kak aedopmalivst yrpyroro sjieMeHTa €(f) mpu napai-
JIEIbHOM COSAMHEHUHU COBMajaeT ¢ nedpopmanueit caBura ciosi, To

t
o(t) = EVe(t) + [R(t — 1)de(r) (2.11)
0
M3 cpaBHeHus BoipaxeHuii B (2.10) u (2.11) BugHO, 4To T1ipu Niepeobo3HavyeHuu x(t) = o(r),
) = E(l)s(t), EY =3k /P oHU coBmamyT, a, CIeNOBAaTEIbHO, COITacHO (2.9)
t
EVg(t) = [g4(t — 1) do(7) (2.12)
0

[TpukitagbiBast HalpsKEHUE CTYIIEHbKOM XeBucailna 6(f) = Gyh(f) 1 U3Mepsisl B 9KCIIEpU-
MeHTe nedopmaLuio €,(f), MOIYUYUM UCKOMYIO (DYHKLIMIO
(1)

23t = E—ey(0) 2.13)
o)}

BDrcnepumenm 2. 3aMEHUM B MIPEAbIIYIIEM 3KCIIEPUMEHTE pabOTaOIIMii Ha CABUT CJIOM U3
HCCIIeAyeMOro MaTepraia Ha paGoTalolIuii Ha pacTsbkKeHre oopa3sell U3 Apyroro (Bcromora-
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o(9)

s

o(?)

Puc. 1.

o(?)

E“)§ [] 1o, k@

o(?)

Puc. 2.

TEJTLHOTO) BSI3KOYMPYTOro maTepuajia ¢ HepeJlaKCUPYIOIIUM OObEMOM U MaTepUAIbHBIMU
byHKILIMSIMU, KOTOpBIE OyieM 0003HaYaTh BEpXHUM UHAEKCOM (2). Yripyruii ajieMeHT B Ipy-
TOM KOJIEHE TlapaJuIeIbHOTO COENMHEHUSI OCTaBUM MPEXHUM (pHC. 2).

Kak crnemyer u3 (2.11), BcrioMoraTelIbHBINA MaTepuaa JOJDKEH OBITh TAKWM, YTOOBI SIIPO
E (2)(t) omneparopa Onra £ @ TSI HETO COBMAAajao ¢ U3BeCTHOM (yHKIMe R(f) CIBUTOBOM

pciaakcauuu. HCpr)IHO IToKasaTb, YTO 9TO TpeﬁOBaHI/IC IIPUBOOUT K CJ'[CI[yIOHICﬁ CBA3U Ma-
TEPUAJIbHBIX OII€EPATOPOB I/ICCJ'[€I[Y€MOI71 M BCIIOMOTaTeJIbHOMI cpen:

(2.14)

B HYaCTHOCTH, €CJIN BCIIOMOTaTeIbHbIN MaT€pual HCCKNUMaceM, TO

I =201?%/3 (2.15)
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PesynbTaThl aKCriepyMeHTa 2 MOXXHO MHTEpPIpeTUpOBaTh U B 0OpaTHYIO cTopoHy. Eciu
umeeTcst obpasel] U3 Marepuajia ¢ HepeJakCHUpYIoIIUM oO0beMoM, (YHKIUEH CABUTOBOI

e 2
TOJI3y4ECTU HE,)) 1 MozyJieM o6bemMHoro cxatust K, To, mpoBesst cepuio SKCIIEpUMEHTOB ¢

VIPYTUMU BJIEMEHTAaMU C pas3inudyHbIMU MomyissmMu FOHra E(]), MOXHO MOCTPOUTH CEPUIO
dbyHKIMIT gB(t) 1Tt Matepuana ¢ (pyHKImMen cniBuroBoii nonsydyectu I1(¢), Bum Koropoii cie-
nyet u3s (2.14), u monyneM oobeMHOro cxatusi K = BE(I) /3. Tlockonbky BenuuuHbl K u
BE3/Ie BXOMSIT TOJIBKO CBOMM OTHOILIEHHEM, TO JUISL 06010 a > 0 si1po gg(f) BSI3KOYIPYroi
cpenbl ¢ MaTeprualibHbIMU GyHKIMsIMU [1(f) 1 K Oymet coBmagath ¢ siApoM gaﬁ(t) cpelbl ¢
byukuusamu IT1(¢) u aK .

3. Onepartop fLY C onepaTopom 8 MnplommmHa TeCHO CBSI3aH IPyroii onepaTop, KOTOPHIA

10 aHAJIOTUU C g3 HA30BEM /1y

1

1+ yr

hy = ; 0<yeR (3.1)

OTa CBsSI3b YCTaHaBJINBaCTCs B3aI/IMOO6paTHbIMI/I COOTHOIICHUAMU

- l—gﬁ _ I—hY
= T8 g=— (3.2)
I—(-Ppg, P 1-(1-Byh,

Tak, pemieHue (2.3) ynmnoMrHaeMoli paHee 3aauyu O BPAILLEHUU TSIXKEJIOTO JUCKA MOXHO
3aIMcaTh U MO-IPYroMy:

2 2
ou(b.) = 21 - V)p@’(0) = bf(% + 3+/ zn) pQ(1) (3.3)

Tounoe perrenue (2.5) IpencTaBUMO U B TEpMUHAX OIIEPaTOPOB EY:
e ‘
Gog(b,1) = ?p [ro(t = 0 dQ* (@) + 3t - 1 Q) (3.4)
0 0

B ciygae Hepenakcupytoniero oobema us (3.1) mmeem

1

A S 3.5
& 1+ 3yKTl )

[Tpeanoxum psizt S5KCIIEPUMEHTOB T10 HETOCPEACTBEHHOMY (GE30THOCHUTENIbHO K gg) Ha-

XOXIEHUIO siapa hY(t). 3aMeTuM, YTO eciiv ABe PyHKIMU x(f) U y(f) yIOBIETBOPSIIOT Onepa-
TOPHOMY YPaBHEHUIO

t
W) = (hpx)(0) = [t — 1 dx(D) (3.6)
0
¢ pyHKIIMEH fLY B Buze (3.5), To
t
x(t) = y(t) + 3Ky[T1( — 1) dy(v) (3.7)
0

N 1
Ixcnepumenm 3. TlocnenoBaTeibHO COSIMHUM YIIPYruil aaeMeHT ¢ MoayseMm FOHra EV u
CJION M3 VICCIIEMyeMOro MaTepualia ¢ ornpeaessiomMu cootHomeHusamu (1.1), (2.6) (puc. 3).
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o(?)

E®

o(?)
Puc. 3.

Tak Kak HamnpspKeHUe G(f) B yIIPYTOM dJIeMEeHTE MPU MocieToBaTeIbHOM COeIMHEHUN PaBHO
CIABUTOBOMY HAaMpPsSLKEHUIO B CJIOE, TO

t
e(t) = % + Il‘[(t - 1) do(t) (3.8)
0

CootHouieHus (3.7) u (3.8) TOXAECTBEHHO COBIAAYT MpU NnepeoOo3HayeHuu x(z) = &(¢),
y(t) = o(t)/E'"", E" = 3Ky, tak uto coracHo (3.6)

o(t) = E [t — 1) de(v) (3.9)
0

Ecnu duxcuposars nedopmanuio cryneHbkoil Xesucaina €(f) = €yh(t) U u3MepsiTb B
SKCIIEPUMEHTE OCEBOE HAIPSKEHUE G((f) BCeil cucTeMbl, TO NCKOMas (PyHKLMS hy(t) BbI-
quciisieTcst no popmyiie

hy(t) = So(t) (3.10)

(1
Eg
ITo 3aganHOMY 7y > 0 yIpyruii 3;IeMEHT BBIOMPAETCS TaK, YTOOBI ero Moay/b FOHra 6611 pa-
BeH 3Ky.

Ircnepumenm 4. BocnonblyeMcs, KaK U B 9KCIIEpUMEHTe 2, paboTaloIIMM Ha pacTsKeHue
00pa3ioM M3 BCIIOMOTATeIbHOTO MaTepuaia C HepeJaKCUPYIOIIUM O0BbEMOM U COCAMHUM

1
€ro MocCjaea0BaTeIbHO C YIIPYTUM 2JIEMEHTOM, UMEIOIUM Moayiib FOHra £ M (puc. 4). One-
_ _
patop 1/E( ) w151 3TOTO MaTtepuasa I0JKEH COBNaAaTh C U3BECTHBIM oneparopoM I1, a, cie-

_ _
IOBaTeNbHO, £ @ = R.Takum o0pa3oMm, CBSI3b MaTepUAIbHBIX OrepaTopoB (2.14) uccnemye-
MO 1 BCIOMOTaTeIbHOM Cpel OCTAaeTCs TaKO Xe, KaK B 9KCIIEPUMEHTE 2.

ITpoBons cepyrio SKCTIEPMMEHTOB Ha pejlaKCaIlrIo ¢ YIIPYTMMU 3JeMEHTaMU ¢ Pa3JIMIHbI-

mu monynsimu FOHra E M , TIPUHIIUTTUATIBLHO MOXHO TOCTPOUTH ceputo (hyHKIIMIA hY(t) g

MaTepuasia ¢ yHKIMEH CIBUTOBOI moi3ydecTu, cieayomeii us (2.14), u monyiemM oobeM-

1 "
Horo cxarusi K = E )/(37). Tak kak K ¥ Y BXOIST TOJIbKO KOMOMHALIMEN CBOETO NPOU3Be-
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o(?)

E®

v2 2
@, K@

o(?)

Puc. 4.

LIEHUS, TO AP0 hY(t) BSI3KOYNPYroi cpenbl ¢ MaTepuanibHbiMU dyHKkuusimu I1(r) u K He Oy-
AT OTIINYAThCSI OT siApa /1, (f) cpenbl, Xxapakrepusyloeicst [1(f) u K Ja,a > 0.

4. Wcnonb3oBaHue TeMmepaTypHO-BpeMeHHOI aHajmormm. EcTecTBeHHO, BCTaeT BOIPOC O
nondope B IKCIIEpUMEHTax 2 U 4 pealbHOTO BCIIOMOTraTeJIbHOTO MaTtepuaia ¢ GuKCupoBaH-
HBIMU PEOJIOTUYECKMMMU CBOMCTBAMU, OIpeAeisieMbIMU CBsI3b10 (2.14) nubo (2.15). 3nech
Ha TTOMOIIlb MOXET MPUUTHU TeMIIEpaTypHO-BPEMEHHASI aHAJIOTUSI, TO3BOJISIONIAs B OMpene-
JICHHBIX CJIydasix B KauecTBe BCIIOMOraTeJIbHOro maTepuasa BbIOMpaThb caM KCClenyeMblit
MaTepuat.

IMonoxum B (2.14) K = K usanumem

AM_ 1

2 6K
Hcnonbs3yeM TOT akT, 4YTO MPH MOBBILIEHUM TeMniepatypbl T > T, siBI€HME MOJI3y4eCTU BO
BpPEMEHMU NMpoTeKaeT obicTpee, yeM nipu 7' = T, ¥ TeM caMbIM 3HaueHue DyHKIUHY MTo3y4de-
CTU B KaX/Iblilt MOMEHT cTaHOBUTCS OoJbiie. HagnexammumM odpa3oM ycTaHaBJIMBast TeMIIe-

paTtypHbIii pexum 7'(f) mpy MPOBEACHUM 3KCHEPUMEHTOB 2 U 4, 10ObEMCSI TOTO, YTOOBI C
YIOBJIETBOPUTEILHOU TOUHOCTBIO BBITIOJIHSJIOCH COOTHOIIIEHUE

Ty _ 1
2 6K

n? = (4.1)

I, T@)) = ;> 4.2)
Torna B kauecTBe sipa H(z)(t) orneparopa n?s (4.1) moxHo B3aTh dyHkuMio Iz, T'(¢)).
3aMeTuM, YTO TPOBENEHHbIE PACCYXIEHUsI, CBS3aHHbIE C MPUOIMKEHHBIM MOAOOPOM

omneparopa % s (2.14) u (2.15), UMEIOT MECTO U B CJlyyasiX, KOTjJa B KayecTBe BCIIOMOra-
TEJILHOT'O BBIOMpPAETCsl HE caM MCCJIENyeMblil MaTepurall, a APYroil BI3KOYNpPYruii MaTepual,
HO 9KCIIEPUMEHT IMPOBOIUTCS IMPU BBIYUCIEHHOM JJIsSI HETO TeMIlepaTypHOM pexxume 7'(7).

Pabora BbIMosHEeHa INpu mnoaaepxke Poccuiickoro HayyHoro ¢doHma (mpoekt 22-21-
00077).
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Schemes of the Experiments for Determining the Kernels of Some Difference-Type
Operators for Media with Nonrelaxing Volume
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b Ishlinsky Institute for Problems in Mechanics RAS, Moscow, Russia
“Moscow Centre for Fundamental and Applied Mathematics, Moscow, Russia
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Within the framework of integral constitutive relations for linear isotropic viscoelastic media
with difference-type kernels in the case of a nonrelaxing volume, possible, complementary

to the known, setup experiments for determining the kernels of Ilyushin operators gﬁ are

proposed. One of them is based on the use of a sample from an auxiliary viscoelastic solid,
the material functions of which are related to the creep function and the volume compres-
sion module of the given material. Similar schemes of setup experiments for finding operator

kernels EY, in a certain sense conjugated with gB , are also proposed.

Keywords: viscoelasticity, creep, relaxation, nonrelaxing volume, difference-type operator,
kernel, decoding of the operator, material function, setup experiment
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