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B mepBoM TopsinKe TeOpUY BO3MYIIEHHI TOKAa3aHO, YTO MOTEHIINAIbHAS HEPTYsl B3AUMOIECUCTBUS ABYX
aTOMOB MOXeET OBbITh BBIYMCJIEHA C [TOMOIIIBIO PEIIeHUsI CUCTEMbI HEJIMHEMHBIX ypaBHeHU. CrcTeMy ypaB-
HEHMI CTPOWIM KaK ¢ YYeTOM, TaK 1 6e3 yueta mpuHumIa [Taynu, a aToMHbIi (hopMbaKTOp BEIYUCIISIIN C
HCTIOIb30BAaHMEM BOJIHOBBIX (DYHKIIMIT, KOTOPBIE alllMPOKCUMMPYIOT pelieHue ypaBHeHust XapTpu—®doka
IIJISI U30JIMPOBAHHBIX aTOMOB a30Ta. [ padyK MoTeHIIMaIbHOM SHEPTUM B3aMMOIECACTBUST IBYX aTOMOB a30-
Ta yIOBJIETBOPUTEILHO COIJIACYETCsI C U3BBECTHBIMU pe3yJbTaTaMu Mpu yuyete nmpuHiuna [laynu. [Tokasa-
HO, 4TO 6e3 yyeTa mpuHIuMIa [Tayu v KOJUTEKTUBHBIX KOJIeOaHUI 3JIEKTPOHOB aTOMOB TTOJIYYUTh COTIache
C 9KCIIEPUMEHTOM He TPEeACTaBIIsIeTCSl BO3MOXHBIM. [ToKazaHo, YTO MOJTHAsl SHEPTHsl IByXaTOMHOM MoJe-
KYJIbI ABJIsIETCS (DYHKIIMOHATIOM, KOTOPBIN 3aBUCUT OT 3JIEKTPOHHOM TJIOTHOCTH U30JIMPOBAHHBIX AaTOMOB.
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DOI: 10.31857/51028096023020048, EDN: GKSDEG

BBEAEHWE

HoBblit mogxon K BbIUMCIECHUIO TTOTEHIIMATBHOM
9HEPrUU ABYXaTOMHBIX MOJeKya [1] mojiydyusn cBoe
pa3BuTue B [2—5], rme ObLJIO TTOCTPOEHO ypaBHEHUE
TIOJIHOM SHEPTUU JABYXaTOMHOU MOJIEKYJIbI B TIEPBOM
TOPSIIKE TEOPUU BO3MYILEHUI ¢ y4ETOM MpPUHIIMIIA
ITaynu 1 KOJUIEKTUBHBIX (MJIa3MEHHBIX) KOJeOaHUit
2JIEKTPOHOB aTOMOB. B HacTos111eii padoTe BhIYUCIE-
Ha TOTeHIIMaJIbHAs DHEPIUsl B3aUMOIEHUCTBUS ABYX
aTOMOB C TIOMOIIbIO PEIIEHUSI CUCTeMbl HEJIWHEH-
HBIX YDABHEHUIA.

TEOPETUYECKAA YACTDb

JByxaTOMHYIO MOJIEKY/Iy OydeM ONMUCHIBATH C MO-
MOIIBIO CTallMOHapHOTOo ypaBHeHus LlIpenuHrepa:

Hvy = Ev. (1)
Tl'aMunbTOHMaH ypaBHeHMsI (1) TIpeacTaBUM B BUIIE:
H=H"+U, ()

69

Z, Z-
YAV SR 2
U =212 e _
n—n| f =1J'2=1|r1 Th, —h-— r2j2| 3)
Z 7z 2 Z, 7z 2
2€ 1€

Sy e S L

2in e+, -6 Zn -6 -n)
rae U — moTeHIINaIbHAsT SHEPIUs B3aMMOACHCTBUS
ABYyX aTOMOB, I') U T, — KOOPAWHATBI IIEPBOI0 1 BTOPO-
ro aTOMHOTO S/IPA, I} + Ij; U T, + Iy, — KOOPIMHATBI
J1-TO ¥ j,-TO 3JICKTPOHOB MEPBOTO ¥ BTOPOTO aToMma
COOTBETCTBEHHO, I| — I, = + Or, KOJUIEKTHBHBIE KO-
JTIe6aHUs JIEKTPOHOB M SIIEP OIMMCHIBAIOTCS BEKTO-
pPOM Or = Or,,,; + Or,, ¥ = |r| — paccTOsTHIE MEXITY aTO-
MaMU B MOJIEKYJI€.

Peutenune ypaBHeHust (1) ¢ raMuiabToHUaHOM (2)
OyIoeM MCKaThb C TTOMOILBIO TEOPUY BO3MYLLUEHUMN Y =
=y'+y' +..u E=FE + E' +... . [loTeHUMaTbHYIO
DHEPIruio (2JIEKTPOHHBIE TEPMbI) IBYXaTOMHOM MO-
JIEKyJIBl OyIeM MCKaTh B TIEPBOM IIOPSIAKE TCOPUU
BO3MYILLIEHMIA:



70 KOIIEEB, IITAHOB

- W) o
IJie YIJIOBBIE CKOOKH (...) GbUIM BBeeHbI JIupakoM [6].

0
Tamunbronuan H° npencrasum B Bume H =

0 0 0 . .
= H, + H,, tne H; — raMWIbTOHUAH (-TO aTOMa; [ =
=1, 2. Pemrenue ypaBHeHUs ]_L[pe/:[I/IHrepa HOWO =

—E(’\ql0 GyzeM WcKaTh B BHmE Y =Yy u

E° :E1 +E2, ypaBHeHue Illpenunrepa ajst i-ro
M30JIMPOBAHHOTO aTOMa MMeeT BU/L:

Hly! = E)v), (5)

e \III Wl ( 119 12’ 5riZ,-)'

M3BecTHO, 4TO BOIHOBAS (DyHKIIMS TByXaTOMHOM
MOJICKYJIbI TOJDKHA OBITh aHTUCUMMETPUYHOI OTHO-
CUTEJILHO IIePECTAaHOBKM KOOPAMHAT, OIPEISIISTIONINX
MECTOTIOJIOKEHNS 2JIeKTPOoHOB. Eciim oHa BhIOpaHa B
BUIE ITPOU3BEIEHUS BOJHOBBIX (DYHKIIMIA W30JIMPO-

BaHHBIX aTOMOB ' = ), TO OGMEHHBIE CHIIBI GY/IyT
YYUTBIBATLCA OTAENILHO M1 SJIEKTPOHOB U30JIMPOBaH-
HBIX aTOMOB U OTHEJILHO JJIS JIEKTPOHOB, KOTOPBIE
IIPUHAUIEXAT IIEPBOMY U BTOPOMY aTOMaM.

®DnykTyalluy MOTEHUMAIBbHOM SHEPTUU B3aUMO-
neictBus (3) BbI3BaHbI KBAHTOBBIMU (DJIYKTYallMSIMU,
KOTOpBbIE MCHBITHIBAIOT 3JIeKTpOHBI. M3BecTtHO [7],
YTO KOJUIEKTMBHBIE KOJe0aHUSI aTOMHBIX siIep B
JIIByXaTOMHOM MOJIEKYJIE MOXHO OmucaTh C IOMO-
1[I0 YPAaBHEHUS ABMKEHUS UISI OJHOM YaCTHUIIBI C
NpUBEIEHHOM MaCCOM:

__mm,
“*nucl - ’
rae my U n, — MAcCChI A4€p IMEPBOro U BTOPOro aromMa
COOTBETCTBECHHO.

KonnekTrBHBIE KOJeOaHUS BJIEKTPOHOB B IBYX-
aTOMHOI MoJieKyJie OyaeM OIMCHhIBAaTh C MOMOIIBIO
YpaBHEHMS IBVKECHUS IJISI OMHOM YaCTULIbI C IIPUBE-
NEeHHOI Maccoii:

uel = Xme’
Tae m, — Macca IOKOsI AJIEKTPOHaA, a ), — BapbUPYEMBIIA
mapaMeTp, KOTOpBIA OydeT ompenesieH Hinke. Ecmm
% = 0.5, To 3TO 3amaya ABYX TEJ, HO B KOJUIEKTUBHBIX
KOJIeOaHMSIX YIaCTBYIOT 3JIEKTPOHBI ABYX aTOMOB.

Tak kak cpemHMii KBaapaT aMIUIUTYIbI SIEPHBIX
KoJIeOaHMIT MHOTO MEHBIIIe CPEeIHEero KBaapaTa aM-
TJIMTYIOBI SJSKTPOHHBIX KOJICOAHUI B OMHOM W TOM
K€ MOTeHIIMAJIbHOM SIM€, TIPU YCPETHEHUU ITOTCHIIM -
aJIbHOM DHEPruu B3auMOAEHCTBHUS IBYX aTOMOB yUU-
THIBAJIX TOJIbKO KOJUIEKTUBHBIE KOJIEOAHUSI DJIEKTPO-
HOB. YcpeInHeHHe IT0 KBAaHTOBBIM (DJIYKTyallsSIM Me-
CTOITIOJIOXKEHUST JIEKTPOHOB OylIeM OCYIIECTBIISITD C
ToMOIIIBI0 MeToda [8], KoTopslii bere ncrmons3oBan
IS BBIYUCIIEHNS aTOMHOTO (popMdpaKTopa, a yCpen-
HEHUE I10 KOJUIEKTUBHBIM KOJICOAHUSIM 2J1€KTPOHOB
BBITIOJIHMM II0 KBaapaTy MOMIYJISI BOTHOBOU (DYHK-
OMU TapMOHUYECKOI0 OCUWLISITOpa B OCHOBHOM

MOBEPXHOCTb. PEHTTEHOBCKUWE, CUHXPOTPOHHBIE U HEUTPOHHBIE UCCJIEIOBAHUS

coctossHun. COOTBETCTBYIOIIME CPETHUE OyaeM
0603HayYaTh <\y?‘U ‘\u?> = () <\|12‘U ‘\|I§> =(.), "
Wo ) =

Paznoxum TMoTeHIUaIbHYIO DHEPryui B3anMMO-
neiictBus (3) B unTerpai ypoe:

3 2
_ jﬂ(%exp(ﬂ((ﬁ

r))+

41te

5 5" ex(ik(n, ~1,) -
h=lph=1
(6)
_4nZ e2 &
— —1,)) -

z exp lk

q=1

—n;)) |-

YCpez[HI/IM (2) IO KBaapaTy MOMIYJs BOJTHOBOI
(DYHKIIMH 3JIeKTPOHOB MEPBOTO aTOMa:

3 2

= 2L

4e’ R

+7 z ZCXp(ik(rljl_ijz))
J'1:1j2:1 el

4nZze Z exp (ik(r, — 1))

A=l el

4nz
L le i _rz_/z)) ) (7

e 2 exp (ik (

h=1
Z 2

Z 2 exp (ik (r;, =1, ))

h=1jh=1 el

k) Zzl exp (ik (r — 1)),

h=1

r—r,))

J=1 el

= F (k)exp(ik(r —r,)),

rne Fi(k) — atomHbIit hopMbakTop; F;(0) = Z,.

IIpoBemem ycpenHeHMe (U >el 10 KBaapaTy MOIYJIS
BOJIHOBOI (byHKIIUM 3JIEKTPOHOB BTOPOTO aTOMa:

<U>el,e2 = J.(;l;l;s X

47tZze2 ;
X T(Zl — F(k))exp(k(r —1,)) -
ine’ z (®)
_ kf (Z,- R z exp(ik(n —n,))) |
A =1 e2

= F(k)exp(k(r —1,)).

i exp(ik(r — 1))

h=1 e2
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YepenHUM TTOTEHLIMAIBHYIO JHEPTruio B3auMO-
JIeiCTBUS IBYX aTOMOB I10 KBaApaTy MOIYJISI BOJTHO-
BOM (DYHKILIMU TapMOHNYECKOTO OCLIJIISITOPA B OC-
HOBHOM COCTOSIHUM:

<U(r)>el,e2,pl =

_(dk 4ne’;, _
= o i [Z, - FE(I[Z, - BE(K)]x ()

X exp [—kzcz] exp (ikr),

P
4&[21

e U,(k,0) = e - F(k)][Zz, - K (k)] *

X exp [—kzcsz] — (ypbe-KOMITOHEHTa MOTeHIIUATb-

HOM OHEpPprumn B3auMOAEHCTBUS JByX AaTOMOB,

2 h
o =
40)“61 .
TUBHBIX KOJIEOaHUN OJICKTPOHOB B pacye€Te Ha OOHY

— Cpe,Z[HI/Iﬁ KBaapaT aMIIIMTYyIbl KOJUIEK-

2
CTEIIEHb CBOOONBI, YIpYyras ITOCTOSIHHas O, =
=U"(#,,;,) €CTb 3Ha4e€HNE BTOPOW INPOU3BOAHON B
MMHUMYyMe€ MTOTEeHLMATbHOI SHEPTrUU MOJIEKYJIBI.

AHAJIOTUYHO TOMY, KaK 3TO JIeJIaeTCs B KHHETUYe-
cKoif Teopun [9], 106aBUM K BBIpaXXeHUIO WIS (hy-
pPbe-KOMIIOHEHThI TTOTEHIIUMATLHOM 3HEPrUM B3au-
MOIENCTBUS IBYX aTOMOB MHOXUTeNb (1 — F(k)/Z),
C TIOMOIIbIO KOTOPOTO OyaeM YUYHMTHIBATh MPUHIIUAIT
I[Maynu. Bemuunna F(k)/Z sBnsiercst pypbe-KOMIIO-
HEHTO! INIOTHOCTH pacIIpeieIeHUs 3JIEKTPOHOB, KO-
TOpast HOpMUpPOBaHa Ha enuHuUIy. Toroa

U, (k,0)

_4nZ,Z,e’ I
2 Z1

X [1 - %ﬁ‘)}z exp| -k’ |.

BripaxeHue m1s NOTeHIMAIbHOM SHEPTUM B3au-
MOJACMUCTBUSI NIBYX aTOMOB (3JIEKTPOHHOIO TepMa)
MMeeT BUI:

(10)

3
dk =
2m)

Una (r) = [Ura (k,0)exp (ikr)(

rae noTeHIanbHas s3Heprust U,(r) Beraucisiercs 6e3
yaera npuHinna Ilaymu, a U,(r) — ¢ ero y4eToM.

YcnoBue IIPpUMCHHUMOCTU IIOIIPpAaBKM B II€PBOM
IMOpAOKE TCOPHUH BOSMYH_ICHI/Iﬁ K OHCprum CuCTéMbl B
HEBO3MYIICHHOM COCTOAHUM UMCET B!

U (r) <

0
E ‘
yqu KOJIJICKTHUBHBIX KOJIC6aHPH71 QJICKTPOHOB IIpU-
BOIUT K CAMOCOIJIACOBAHHOM CUCTEME YPaBHEHUIA:

hz
U'(rmin) = O: U"(rmin) =2

16ymc" (12

rne U(r) 3aBucut ot 6 comtacHo (11).
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PE3VJIBTATbBI 1 UX OBCYXIEHHUE

N3BectHo [10], yTO BMEeCTO MHOIOYacCTUYHOTO
ypaBHeHUs [lIpeaunHrepa (5) CTposIT OMHOYACTUYHBIC
MpUOIMXXEeHUsI HA OCHOBE ypaBHeHUI XapTpu—®oka
i popMaim3ma Teopuun (pyHKIIMOHAIA TUIOTHOCTH.
Hanpumep, dhypbe-KOMITOHEHTA MJIOTHOCTH paciipe-
JIeJIEeHUSI 9JIEKTPOHOB aTOMa a30Ta UMEET BUI:

F (k) = [ n(r)exp(-ikr)d’r, (13)

2

rae n1(r) = 2|y, () + 2[wa (1) + 3wy (r)] — 2716k~

TPOHHAag IIOTHOCTh U30JIMPOBAHHOIO aTOMAa a30Ta.
Takum oOGpa3oM, MmoJjiHasl SHEPrusl ABYXaTOMHOM

MOJIEKYJIbl B TIEPBOM MOPSIIKE TCOPUU BO3IMYIIEHU
siByIsieTcsl (yHKIIMOHAJIOM

E = EIn(®]+ E[m®]+Uln@),m®],  (14)

rae #;(r) ¥ n,(r) — 3JIEKTPOHHBIE TTIOTHOCTHA NEPBOTO
U BTOPOTO U30JIMPOBAHHOTO aTOMa COOTBETCTBEHHO.

3aBUCUMOCTb IIOJTHOI SHEPIMM M30JIMPOBAHHOIO

aToMa OT €T0 JIEKTPOHHON TUIOTHOCTUA EIO = Elo[nl(r)]
s ypaBHeHHM XapTpu—®PoKa u ypaBHEHUI TeO-
pun GyHKIMOHAIA TNIOTHOCTU MOAPOOHO 00CyKaa-
1 B [10]. BonHoBBIE DyHKIIMM, KOTOPBIE aIlIIPOKCH-
MUpPYIOT pellieHne ypaBHeHUsT XapTpu—Poka mwist

0
M30JIMPOBAaHHBIX aTOMOB a30Ta, 1 3Heprus E; npen-
cTtaBjieHHI B [11].

Pe3ynbrarhl YMCIEHHOTO PELIEHUsI CUCTEMbI ypaB-
HeHuit (12) mokazaHbl Ha puc. 1 IJIs1 MOJIEKYJ a30Ta.
HMMeroT MecTo TOYKM TiepecedeHus: rpadrka Tumnep-

d*U(r)/dr*, 5B/A?

Xy
X0}

1 1 1 1 1 1 1

0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
c, A

Puc. 1. I'paduk BTOpOI1 MPOU3BOAHON MTOTEHIIMATBLHOMI

aneprun U" (r) = d’U (r)/ dr® B TOUKe BO3MOXHOTO 9KC-
TPEMYMa /iy, TIPY PA3IUYHBIX 3HAYEHUSX G [UISI MOJIEKY-
bl asora: Uy (crutomnas iunus); U, (mynkrup). Tunep-
6oma U" (i) = h2/16xmec4 nipu , = 0.4792 o603HaueHA
KpyxKamu, rpu ¥, = 0.533 — xBagpatukamu. Touku ne-
peceuenust U"(r) = dzU(r)/dr2 ¢ ruriep6ooii mst Uy —
ou U2 — A

2023
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r/ay

(6)

0.015

0.010

0.005

U(r), B
S

—0.005

—0.010

_0-015 | | 1 | | | | J
5 9

r/ay

Puc. 2. [NoreHnmanbHasi HEprvsi B3aMMOJEHCTBUSI IByX aTOMOB a30Ta B 3aBUCMMOCTU OT PACCTOSIHUS MEXIy HUMU: a —

rlag € [0;7]; 6 — r/ay € [512]. CrinowHas munust — pacuer Uy pu ), = 0.4792, nynktup — pacuet U, npu = 0.533.

cAx A A% 5 Ao

Puc. 3. Pe3ynbTaThl cpaBHEHUS IOTEHIIMATBHO SHEPTUMN
B3aMMOJICMCTBUSI JBYX aTOMOB a30Ta, MOJY4YeHHbIC IO
(opmyne (11) npu y, = 0.4792 (U,, cruioniHas JUHUS) U
x = 0.533 (U,, myHKTHp), a Takxke pacyeTsl [14] (A), [15]
(0), [16] ().

" 2 4
oosel U"(r,) = / 16ym.G" ¢ pacyeTHBIMHM 3Haye-
HUSIMU BTOPOM MPOU3BOAHOM MOTEHLIMAJIbLHOM SHEP-
run U, 4(r) B TOYKE BO3MOXHOIO SKCTPEMYMA F;i, IPU

Pa3IMYHBIX 3HAYeHUSIX U " (;,;, ) IUIs1 MOJIEKYJIbI a30Ta
B 3aBUCHMOCTH OT lIapaMeTpa ), 4. [paduk moreHum-
QJIbHOM 3HEPIrUM B3aUMOJICMCTBUS IBYX aTOMOB a30-
Ta B 3aBUCUMOCTH OT PACCTOSIHUSI MEXIY HUMU OIS
JIIByX TOYEK TIIepecedyeHusi, KOTOpbIe OIpEeAesioT
€IUHCTBEHHOE peIIeHHe CHUCTeMbl HEIMHEMHBIX
ypaBHeHMI (12), ObLI BEIYMCIIEH ¢ moMollblo [12, 13]
(puc. 2). Ha puc. 3 mpencrasieHo cpaBHeHUE rpadu-
Ka Ha puc. 2a ¢ pesyabpraramu [14—16]. BunHo, 4To
yuet npuHumMna Ilaynmm nmpubmrkaeT pe3yabTaThl K

MOBEPXHOCTb. PEHTTEHOBCKUWE, CUHXPOTPOHHBIE U HEUTPOHHBIE UCCJIEIOBAHUS

JaHHBIM [14—16].
pa3MelieHsl B [13].

ZlOHOJ'[HI/ITCJIBHbIe MaT€puajbl

BJIIATOOJAPHOCTHA

WUccnenoBaHue BBINTOJAHEHO Npu (UHAHCOBOI MOd-
nepxxke Poccuiickoro ¢oHga GyHIaMeHTaIbHBIX HCCIIE-
nmoBaHuii (ipoekT Ne 20-07-00236 a).

KonhuMKT MHTEpecoB: aBTOPHI 3asIBJISIIOT, YTO Y HUX HET
KOH(JIMKTa MHTEPECOB.
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Modeling of the Potential Energy of Interaction of Two Atoms by Solving a System
of Nonlinear Equations
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In the first order of perturbation theory, it is shown that the potential energy of interaction between two atoms
can be calculated by solving a system of nonlinear equations. The system of equations has been constructed
both with and without regard to the Pauli principle, and the atomic form factor has been calculated using wave
functions that approximate the solution of the Hartree—Fock equation for isolated nitrogen atoms. The graph
of the potential energy of the interaction of two nitrogen atoms satisfactorily agrees with the known results
when the Pauli principle is taken into account. It is shown that without taking into account the Pauli principle
and collective oscillations of the electrons of atoms, it is not possible to obtain agreement with experiment. It
is shown that the total energy of a diatomic molecule is a functional that depends on the electron density of

isolated atoms.

Keywords: Schrodinger equation, Pauli principle, Hartree—Fock approximation, collective fluctuations, per-
turbation theory, potential interaction energy, electronic terms, solution of a system of nonlinear equations,
Hamiltonian, wave function, quantum fluctuations, density functional theory.
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