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ITocranoBka 3amaun. CtaThsl TOCBSIIEHA PELICHUIO 3a1a4u U3JIyYeHUs KOJeOmtoeics
YIIPYToi HIWJIMHAPUYECKON 000JI0YKM, IPOTPYKEHHOM! B XKMAKOCTb.

3BYKOBOE TIOJIe, M3JIydyaeMoe OO0OJIOUKOM, XapaKTepU3yeTCs WUMITeNaHCOM W3JIy4eHUs,
CBSI3BIBAIOIIIMM 3BYKOBOE JIaBJIEHME 3BYKOBOI BOJIHBI C €€ KOoJIeOaTeIbHO CKOPOCThIO (T1e-
pemelieHueM). MccnenoBanusi UMIIEIaHCOB M3TyYeHUS HWJIMHIPUYECKUX 000JI0UeK Hava-
Jauck aasHo [1]. UM nocsiieHo 6obiioe konnyectBo nyonukauuit [1—18]. Ho atu uccne-
JOBaHHWS HEC 3aKOHUYMJIMCH IMMOJIYYEHUEM IMPUEMIIEMOTO TOYHOTO PCILUICHUS. B JaHHOM cCJiy4yac
MOJI TOUHBIM pellIeHUEeM TTOHMMaeM pellleHre, KOTOPOe SIBJISIETCS aHATUTUYECKUM, 3aKOH-
YEHHBIM, JI0Ka3aTeJIbHO 000CHOBaHHbBIM. [1pobJieMbl, CBSI3aHHbBIE C U3TYYEHUEM LIMJTUHIPU-
YeCcKUX 000JI04eK B XUIKOCTHA, UMEIOT BaXXHOE TEOPETUUECKOE U MPUKIIATHOE 3HAUCHUE B
TUAPOAKYCTUKE U SIBJISIIOTCSI aKTYaJTbHBIMU.

[To MHeHUIO aBTOPOB [2] maHHas 3aaaya, SIBJSIOLIASICS KIACCUYECKOM IS MaTeMaThye-
CKOW (pM3MKM, UMEeT MPOCTOE pPELICHUE JIUIIb IS OECKOHEUHBIX KPYTJbIX LUJIUHIPOB.
B pa6ore [3] oTMedanmoch, 4YTO TOYHOE BBIpAKCHME I UMIICAaHCa U3TyIeHUSI KOHSYHOTO
LIUJIUHApA SIBISIETCS CJIOXHOW (byHKIIMEH, ee Helb3sl MPEeACcTaBUTh MPOCThIM aHAJUTHYe-
CKUM BBIPaXKEHUEM.

AHanu3 paboT, MOCBSIIEHHBIX PEIICHUIO JAHHOM 3a1a4yu, IoKa3a, YTO pelieHus1, u3jao-
JKEHHbIE B HUX, CYILIECTBEHHO Pa3JIMYalOTCS U HE UMEIOT eMHON TeOPETUUYECKON OCHOBBI.
IMpuunHbl paznuuunii 0OyCIOBIEHBI Pa3HOTUITHOCTHIO 000J04YEeK (KOHEUYHbIE, OrpaHUYeH-
Hble, 0ECKOHEYHbIE), U3JIydYeHEeM 000JI0YeK B OJIMKHEM U JaJIbHEM I10JIe, ONpeaesieHueM
OCEBOr0 BOJIHOBOTO 4YHKCJa M3Jy4aeMOro 3BYKOBOTo IoJis. KoHeyHoil LMIMHAPUYECKOM
000J104KOH (LIUJIMHAPOM) OyZIeM Ha3bIBaTh 000JIOUKY CO CBOOOTHBIMU TPAHUYHBIMU KOHIIE-
BbIMU ycJoBUSIMU. OOOJIOUKY, OTPAaHUUYEHHYIO APYTMMMU KOHLIeBbIMU ycioBusiMmu (HaBbe
WJIU 1Ip.), OyeM Ha3bIBaTh OTPAHUYEHHOM.

Anasmrnyeckmii 0630p. I[IpuBeneM pesysibTaThl aHAIUTUYECKOTO 0030pa OCHOBHBIX Hau-
6osee n3BeCcTHBIX paboT. C 1eblo ynpoleHus: GpopMya B OOJBIIMHCTBE U3 HUX OITYCTUM
VHTErpUPOBaHUE U CYMMUPOBAHNUE TAPMOHUK 110 OKPY>KHOMY YTy (0. YUeT pacrpeneaeHust
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OaBJICHUA 110 YIJIy (0 HE BJIMACT Ha O6Cy)KLlaCMblC pe3yJabTaThl U MOXKET OBITHb OCYIICCTBJICH
M3BCCTHBIMU IIPpUEMAMU.

®opmyaa Ckyunka. B pabote [4] nmpuBeneHa Hanbosiee U3BecTHas (hopMyJia UMITeqaHca
U3JTYyYEHMS KOJEOIIOLLEerocs: LMJIMHApa

b (afi )
L_z = .
w N (a\/k2 - k§)

®opwmyna (1) npuBeaeHa 6e3 BbiBoma. He ykazaHbl HM crioco0 orpenesieHus TlapaMeTpa
k., H1 TUTT 060J104KU. BMeCTO BbIBOA NaHa cChUIKA Ha (hOpMYITy 115 GECKOHEUHOI 060104-

Ky, ae k, = 2nm/A [1]. DTa cchiiKa JaeT OCHOBAHUSI CYMTATh, uTo hopmyina (1) Toxe st
GecKOHe4YHOoIt 06010uKkH [3, 6, 8].

®opmyaa Sdurepa. B pabote [1] npuBeaeHa popMysia 3ByKOBOTO T10JIsI, U3JTydeHHOTO Gec-
KOHEYHOI 0007104KOIi, Ha MOBEPXHOCTU KOTOPOI 3a1aHO TepeMelleHre

(1)

W@, 2) = Y. D Oy cos(MTm z) cos ne, ()

n=0 m=0

rae A — JInHa Oeryieil BoaHbl 1edopMayi Ha 0O0JIOYKH; A, M — OKPYKHBIE U IPOIOJIb-
Hble TapMoHuku. ITapametp 21tm/A (2) Ha30BEM BOJHOBBLIM YMCJIOM BOJIHBI Ae(opMaluu
0060J109KY (1ecOpMaIlMOHHBIM BOJTHOBBIM YKCIIOM). M31y4aeMoe 3ByKOBOE aBJIeHUE

p=—ip®y. > o, Z,cos (27‘ch z) cos ng, (3)

n—0 m=0

H? (erQ - (2nm/x)2)
Ji = (2mm/n)? H,(f)'(a\/k2 - (2nm/7»)2).

[TpumMeuaTenbHO, yTO (hopmya (3) mpuBeaeHa Toxe 6e3 BbIBO/A CO CChUIKOM Ha [7], rme
BOOOI1LIE HET (POpPMYJI, MTOXOXMUX Ha (3) 1 (4), U pacCMOTPEHa TOJILKO TUIOCKas 3agada k, = 0.

Z, = C))

®opmyJa Ilennepoa. Popmysia 3ByKOBOTO AABJACHUSI MOJSI, U3TYYEHHOTO KOHEYHOM 1In-
JIMHAPUYIECKOI 000JI0YKOI ¢ TTPOU3BOJIBLHO pacipeiesIeHHBIM MO IJIMHE 000JI0YKH KoJieha-
TEJIbHBIM NepeMelleHneM w(z), mpemiokeHa B [5]

2 = BYH? (r\/k2 - \(2)eiyz
pH(r.2) =B ) . dy.
o Lol —7)

(%)

®Dopmyaa Mysbluenko—Pbi0aka. IMnienaHc uzinyyeHust OorpaHMYeHHOM HAJIMHAPUYECKOM
oboiouky npuBencH B [8]. B 3Toi1 paboTe KoiebaTenbHask CKOPOCTh IMINHIPUIESCKOM 000~
JIOUKHU 3aJ1aHa B BUOE

V(E) = Ve, (©6)

rne g = 2nm/L — necdopmalilMoOHHOE BOJHOBOE UMCJIO, onpeaesiollee hopmMy KoaebaHUit
060s10ukK; L — aauHa obosnouku; & — oceBas KoopauHata. CKOPOCTb C UCIIONb30BAHUEM
O-(yHKUNM IIPEACTaBIeHA B BUIE

V= ;/_;’E [ Py, )
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bes BbIBOOa M CCHUIKU, C (POPMYJIMPOBKOIM 0OOCHOBAHMS “KaK M3BECTHO”, MOJIEe aKyCTH-
YeCKOrI0 JaBJICHUS 3aIlMCaHO B BUIE

=E J' Z ef(z—i)Yd% (8)
21 -,

rae B KauecTBe Z| B3sita ¢popmyia (1), Ha3BaHHAsI UMIIEAAaHCOM OECKOHEUHOU HUIUHAPUYE-
cKoit oosactu. MMmrienanc orpaHM4YeHHOI 000JI0YKY MOJIyYeH B BUIE

sin L2
1I [(q Y /

i ) (L)2)
l 9
7. =2 . H,’ (a k _Yz) sin’[(g — Y)L/Z]
3 == [ ipwa . dy.
nLe i~ HD (a\/kz _y ) (q-v’

Eciu npuHATH BO BHUMaHUE, YTO MOCJEAHsISI APOOb B BoIpakeHUU (9) MpeacTaBisieT co-
60i1 §-byHKIMIO, TO U3 (9) IPUMEHUTEIBHO K MIEPEMELICHHUIO W(X) MOXHO UMIIEAAHC Z; TO-
JIy4UTh B BUJIE

p(1)2H ,(,2) (r\/ﬁnm/L)2 )

e (2mm/ L)’ 1Y (@i = rmf1)?)

(10)

ABTODBI [8], yKazanu, 4To Mpu CTPEMJICHUU JTUHBI 000JI0UKM L K 6ECKOHEYHOCTH UMIIE-
JIAaHC OTPAaHUYEHHOI 000JIOUKU CTPEMUTCS K UMITeJaHCy OECKOHEYHOU 000JI0YKHU, UYTO CO-
miacHo (1) u (3) saBiasieTcst OIIMOOYHBIM YTBEPXKIEHUEM, OCKOJIBKY IIpU L — o mapaMeTp
2nm/L — 0.

®opmyaa JIammesa. B pabote [9], mocBseHHON Audpakiny 3ByKa Ha OrpaHUYEeHHOMN
LIWIMHIPUYECKON 00010uKe TojydeHa hopmysia 3BYKOBOTO JaBJICHMSI, colepkKalias 4acThb,
OTHOCSITIYIOCS K TIOJTI0, U3Ty4eHHOMY IWJIMHIPUIECKON 06oioukoit. DopMmynna moirydeHa
MeromoM byHKimu I'prHa. YacTs gudparupoBaHHOIO IOJISI, OTHOCSIIASICS K 3ByKOBOMY
JaBJIEHUIO B U3JTyYEHHOM BOJIHE, BBI3BAHHOM KOJIEOaHUSIMI 00O0JIOYKHU, UMEET BUJL

lpu) o Lg w(z)H(])(a\/k yz)eiyz
'U; \/k -Y'H, ( \/kz—yz)

Ie mapameTp Y He PacKphbIT.

dzdy, (11)

®opmyaa Ckenka [10]. B pa6ore [10] 3BykKoBO€ AaBjieHHE TTOJIYYEHO B BUIIE

e ®dy, (12)

[ae ¥, — WCKOMBI KOPEHb OUCIEPCHUOHHOIO YPAaBHEHUSI OECKOHEYHOH LIMJIMHIPUYECKON
000JI0UKHU.
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®opmyaa AsepoOyxa. B pabore [2] npu pacyeTe U3aydyeHUsS] KOHEUHON HUJIUMHIPUUECKOI
000JIOYKY B IajIbHEM T0JIe aBTOP BbICKA3aJl yTBEpXKIeHUeE, 4To TTpeobpa3oBanne Mypbe 3By-
KOBOTO IaBjieHUst p* 1 mpeobpazoBanne Dypbe nepeMeleHns: 060J0YKU w* CBSI3aHbI 3aBU-
CHMOCTEIO

2 2 2
HP (i - &) )

2 2,2 \/ 2 2\’
= @y (- @)
e & = 2n/A = —kcosO, 0 — cheprueckast KOOpAMHATA TOYKU HAOTIONEHUS.

®opmyiy (13) MOXHO TIPEACTaBUT B BUIE p* = Z,w*, Te Z, UMIIeTaHC U3TyIeHUS OeCKO-
HeuHoi1 06os0uku (4) [1, 2], B KOTopoM IIpoBeneHa 3ameHa 21t/A = —kcos0. [Ipoucxoxme-
Hue dbopmynbl (13) He 060CHOBaHO, OHA OIIMOOYHAsI, T.K. Z; TOJIbKO 4acTb UMIEAAHCA.
OCHOBHOE 3aMeYyaHte 3aKJII0YaeTCs B OTCYTCTBUM 0OOCHOBAHUS 3aMeHbI 2TT/A = —kcos0.
BepositHo, 1m0 3TUM mnpuuyuHam dopmyiaa (13) He mpuMeHsJIachb APYTMMM aBTOpaMu
[3, 6, 10, 13].

M3 mpoBeneHHOro 0630pa CleAyeT, YTO CYIIECTBYeT MHOXECTBO PElleHUI, pa3indaro-
IUXCS 110 (hopMe M CONEPXKAHUIO M He MMEIOIINX OO0IIei TeopeTnueckoil ocHOBHI. I1pu Ha-
JIMYMU CXOMHBIX 3JIeMEeHTOB ((yHKLMI ['aHKes1) pelieHrs UMeIOT MPUHIINITAATIBHBIC OTJIM -
yus. B (5) BXonsaT nBe 3KCMOHEHTHI exp(iyz) U exp(—iyz), a B (11) onHa. ®opmyasr (5) u (11)
MOXO0XMU, HO MPUHUMITUAIBbHO oTinyatoTes oT (1) u (10). OnuHakoBbIe MO CYyTU BbIpaXXeHUS
BOJIHOBBIX YMceN k, = 2m/A v ¢ = 27tm/ L UCIIONB3YIOTCS B UMITEAaHCAaX OECKOHEYHOIT (4) u
orpaHuyeHHoi (10) o6oyiouek, XOTsI MX aBTOPHI CYUMTAIOT, YTO UMITEIAaHCHl OTPaHUYEHHOM 1

0eCcKOHEYHOI1 000J10ueK pa3anyHbl. MHOroodpasue u He1ocTaToOuHasi 00OOCHOBAHHOCTh He-
KOTOPBIX (pOpMYJT TpEOYIOT IPOBEIeHUS TaTbHEHIIINX UCCIIETOBAHUIA.

Lenp ucciienoBanuii — MoOJyYUTh TOUHOE PEIICHUE 3aauyu U3JIydyeHUsl Kosebrolieiics
IWIMHAPUYECKON OOOJIOUKM B XXUIKOCTH, MOKa3aTh OIIMOOYHOCTh 1 HEOOOCHOBAHHOCTh
psima M3BECTHBIX pelneHuii [3, 4, 8—13].

Teopernueckue uccaenosanus. BoiBeaeM dhopmysty 3ByKOBOTO JaBJCHUSI TI0JIsI, U3JIydae-
MOTO HWJIMHIPUIECKONH 000T0UKO B KUIKOCTH, U TOKAXKEM OIIIMOOYHOCTD Psila U3BECTHBIX
pEILIEHUIA.

PaccmarpuBaeTtcs nsnydeHre 60KOBOM MOBEPXHOCTH MJIMHAPUIECKON 000JTOUKHN paau-
yca a ¥ [IUTMHBI L, TOMELIEHHON B UMJIMHAPUYECKYIO CUCTEeMY KOOPAMHAT r, Z, . [Ipomonb-
Hasl oCh 000JI0YKHM COBMEIIEHA ¢ 0Chlo Z. Kak ¥ B OOJILIIMHCTBE MPEAbIAYLIUX padboT, U3y~
YeHUE TOPLEBBIX KPBIIIEK U 9KPAHOB HE YUUTHIBAETCS, OHO JOJKHO OBITh PACCMOTPEHO OT-
TIEITBHO.

Heo6xonumocTs BeiBoaa chopmydibl (1) oOycinoBieHa Tem, 4To: 1) BbIBOA HU B paboTe [4] u
B IPYyIUX IyOIMKALMAX HE OOHApyXeH; 2) rmapaMeTp k, TOJDKEH ObITb KOHKPETU3MPOBAH,
3) BBIBOJ UCMOJIB3YETCSI HUKE JIJISI aHAIM3a OLIMOOYHBIX PEIICHUIA.

o= (13)

BosiHOBOE ypaBHEHME B LIWJIMHIPUYECKO CUCTEME KOOPAUHAT 7, Z, (9, ONUCHIBAIOLLEE U3-
JIy4eHHOE 3ByKOBOE I10Jie, MMeeT BUL [4]

2 2 2 2
la_lze_kiﬂ.k%a_\f + La_f :%87;_ (14)
Ror® rRor ¥ 9o Z 9z ¢ Tot

Pemrenue ypaBHeHust (14) 3anuceiBaercs B Bune @ = R(r)Z(z)Y (@) 7(7).

PemmeHne OTHOCUTENBHO JABJIEHUS p 3ByKOBOTO TTOJISI MOXHO TIPENCTaBUTh B YITPOIIEH-
HOM Buze [5]

pr.2) = AHD (K - k), (s)
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rae A, — UICKOMBII koadduumeHT; H ,(,2)(rk,) — (ynkuusa 'aHkenst Broporo poma. Yipoiie-
HUE 3aKJIIoYaeTcss B TOM, 4To B (15) oImylieHo cyMMHpPOBaHWE IO OKPY>KHBIM TapMOHWKaM
exp(in@) 1 omnylleHa 3aBUCUMOCTb MapaMeTpoB OT BpeMeHUu exp(inr). KoadbduuureHT 4,
OIpeeIsieTCs] U3 TPAHUYHOTO YCJIIOBUST HAa TTOBEPXHOCTH O00O0JIOUKHU

W) =% (16)

W’pr|,_,

rae w(z) — pamnaibHOE KoJiebaTeabHOe MepeMelIeHne 000JI0YKH; P — TUIOTHOCTD XKHIIKO-
CcTH; ® = 27f — yIJIoBasi 4yacToTa; a — paguyc obonouku. M3 (15) ¢ yuetom (16) monyuum

Ve =12 A (i - kf)ef"zz = pOW(2),

4 = PO’ W(2) _
N H,(,2)'(a\/k2 -i2)

IToncraBus A,, B (15) nonyuum dopmyny (1) B Buae

po H (i - kf)

2 2 72 2 2\’
k> — k2H (a\/k —kz)

Hanee B popmyie (17) onpenennm napamerp k,, ABIAIOILMUIACA IJIABHBIM OOBbEKTOM HCCJIe-
noBaHuii. PemieHue ypasHeHus (14) mojydaloT, Mcxonsl U3 yciaoBus [4]

A7)

p(r,z) =
J

19T _ 2 19°2) _ 2
Sooa- kL | ST =k
¢ Tot Z 9z

2 2
10°R, 10R, 1 *¥|_ ;>

ro

Ror* rRor /¥ o>
e k, k,, k, — IPOU3BOJIbHBIE TIOCTOSIHHBIE YMCJIa, KOTOPhIE COMIACHO BOJTHOBOMY ypaBHe-
Huio (14) HaXOmATCSA B COOTHOIICHUN

kP + k= k. (18)

BoeissicHUM (pu3myecKuit CMBICT 3TUX YUCET W ONPENe MM UX MaTeMaTU4ecKue BhIpake-
HUSI, UCXOIs 13 perieHnii ypaBHeHui (14) u (18). IlpunsaB pemenus: ypaBHeHus (14) B Bune
T = exp(iot) n Z = exp(ikz), nonyunm: k = /¢ — BOJHOBOE YMCJIO 3ByKOBOI BOJIHBI B XKMJI-
KOCTH, k, — BOJTHOBOE UMCJIO 3ByKOBO# BOJIHBI, PACIPOCTPAHSIOLIErocsl B HaNpaBJIeHUU KO-
opauHaTHo ocu z. Ecnu &, k, — BOIHOBBIE YMC/I1a, 3HAYUT K, TOXE BOJHOBOE YMCJIO BOJIHBI,
pacrnpocTpaHsiolieiics B HampaBieHun ocH r. ClaenoBaTeNbHO, HIWIMHIPUYECKas: BOJTHA B
crucTeMe KOOPAMHAT 7, Z PaCIPOCTPaHSIeTCsl BAOJIb OCH ¥ C BOTHOBBIM YUCJIOM K, a BLOJIb OCU
Z C BOJIHOBBIM YUCIIOM k. LlnnnHuapuyeckas BOIHA ABUXKETCSA OOAHOBPEMEHHO B PaAMAILHOM
U B OCEBOM HarnpaBJIEeHUsIX COOTBETCTBEHHO C BOJIHOBLIMU YKCIaMU K, U k,. PesyabTupyo-
11Iee IBUKEHUE BOJHBI C BOJTHOBBIM YMCJIOM Kk MPOMCXOIUT HAKJIOHHO K OCH Z TIO/1 YIJIOM 0.
BonHoBble uncna k, k,, k, cBA3aHbl MeX1y co0oii ypaBHeHueM (18), U3 pelieHHns KOTOPOro
cJieayeT, YTO UICKOMBIE BOJIHOBBIE YK CJIa OTIPEIEIISIIOTCS] BBIPAXXEHUSIMHU

k. = ksin®, k, =kcosb, (19)

re O — yroj Mexay BEKTOPOM BOJTHOBOTO YHCIIAa kK I OCBIO Z, OTCYUTHIBAEMBIA OT OCH Z.
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[Moxncrasus k, (19) B (17), momy4nm ¢hopmMysry B OKOHYATETLHOM BUIE

pw’H'? (rk sin 6)
k sin @ H (ak sin 0)

p(r,z) = (20)

MozxeTt moka3aTbcsa, 4To oTanare dopmyi (20) u (1) manmo3HaunTenpHoe. Ha camowm nmene
9TO OTVIMYME UMEET BaXKHbIM MPUHLMIIMAJIBbHBIN xapakTep. Popmyna (1) He moBedaeHa o0
KOHLIA HU B 4aCTH (PU3NYECKOTO OObACHEHH BOJTHOBOTO YUCIA k,, HA B YACTH ET0 aHAJIUTHU -
geckoro onpenenenus. M3-3a neonpenenennoctu k, bopmyina (1) He mpuroaHa ajist MpakTy-
4ECKOro MCIoNb30BaHus. HeoqHo3HavyHOCTL MOHMMaHuUs aBTopoM [4] uncna k, monrsep-
XKJIaeTCsl TeM, UTO OH, Cchlnasick Ha (hopmyiy (3), JomycKana BO3MOXHOCTb k, = 21/A. Bonee

2
TOTO, OH JOITYCKaJI BO3MOXKHOCTb k> — k; <0, T.e. k,> k, u B 3TOM clly4ae npeiaraj nepexo-
IUTh Ha yHKIMIO MaKnoHanbaa.

He pacumdposannoe sHauenue k, B popmyse (1) BEIHYXIaI0 pa3HEIX aBTOPOB MO CBOE-
MYy YCMOTPEHUIO MPENCTaBIATh k,. Hanpumep, oHu npencTaBusnu k,: 4epe3 QJIMHY BOJIHbL
nedopMaluii 6ecKOHEUHOI 060I0uKY k, = 21t/ (4) [1, 2], wim dopmy KoebaHUil OrpaHu-
4YEeHHOI 00607104KM k, = 21tm/L (10) [8], nnu B kommuiekcHo# opme k, = ksin(oy + ic,) [5].
MHorue aBTOpbI MPOBOAMIN MHTETPUPOBAHUE IO dk, NpU U3MEHEHUM k, B Ipenenax
(=00, ) (5),(11) [5, 6, 9], xoT4 B TaKuX npenenax 4ucio k, He cyuectsyeT. Hu B onHoit 13
pa6ort, Bkmouas [ 1—13], B popmyiie uMmiieqaHca n3IydeHUs HUINHIPUIecKoil o6o1ouku (1)
napameTp k, He OblII 060CHOBAaHHO NPENCTABJIEH KakK k, = kcos0.

B dopmyie (20) oTCYTCTBYIOT ITpM3HAKM THUIIA 000JI0UYeK (KOHEYHBIX MJIM O€CKOHCYHEIX).
BaxxHo nmoHuMaTh, uTo B (hopmyiie (20) napameTpsl &, 7, O 1, cen0BaTeNbHO, k, = kcosO He
BBIYMCIISIIOTCSI, a 3a1aI0TCST, UCXOS U3 (DU3NIECKUX YCIOBUI pellaeMoit 3agayu. DT mmapa-
METpPHI XapaKTepU3YIOT 3ByKOBOE MoJIe 6€30THOCUTETLHO K KOHKPETHOMY UCTOYHMKY U3JTY-
yeHus. BeaununHa 7 MoXeT OBbITh 3alaHa B Tpeaenax OJMXKHEro IoJisi, HauuHas oT * = a.
B psne ciyuaeB yron 0 usBecreH. Hanpumep, B ciiydae MyJabCUPYIOLICH 000JOUYKU yToJl
0 =90° u k, = 0. B ciiy4ae pacripocTpaHeHus: BOJHBI BIOJIbL ocu Z yron 0 = 0°u k, = k [4, 5].

W3 nosrydyeHHOTO pelieHus CIeayeT, YTO MOCKOJIbLKY BOTHOBOE YpaBHEHME U €r0 pelleHre
HE 3aBUCST OT TUITa 000J104KH, TO popmysa (20) ”HBapMaHTHA K TUITY OOOJIOUYKU U XapaKTe-
pu3yeT TOJIBKO CBOMCTBA U3JTydaeMOM 3ByKOBOI1 BOJIHBI, CO3IaBaeMOii IepeMelIeHrueM w(z)
000JIOUKU.

Ilepememenue w(z) B hopmyite (20) MOXHO ONIPEIeIUTh U3 PEeIlIeHUs ypaBHEHUIA BBIHYK -
JIEHHBIX KOJIeOaHU1 0007104KH, TU00 NpeacTaBuTh psigoM Mypre ninn nHrerpaiom Dypoe.

®opmyna (20) onpenenser GU3NIECKUl CMBICT U BEJIMYUHY k,, yCTPAHSET HEAOCKA3aH-
HOCTb 1 HeollpenesieHHOCTh opmydbl (1). @opmyna (20) siBasieTcst HOBOii, 000CHOBaHHOIA,
npaBuibHOM. OHA YHUBEpcaibHA U IPUTOHA JIJIsI pEIleHUs BCEX 3a1a4 riIpoaKyCTUKU JItO-
ObIX LIMIMHAPUYECKUX 00004yek. Dopmysia HykKHa U151 pellieHUs MHOTUX 3a/1a4: JUCTIepCH-
OHHBIX YPaBHEHUH, TUMPaKIIMKU U U3TTy4YeHUs B JajbHeM nosie. Ee MOXXHO cuuTarh ajieMeH-
TOM TEOPETUUYECKOI OCHOBBI TMIPOAKYCTUKU [IUJIMHIPUIECKUX 000I0UEeK.

Jloka3arenscTBo ommoouHocTu opmyani Illenaeposa (5) u eii nogooHbIX. [Ipociaenum BbI-
BoA popmyibl (5) B [5]. I1pu BbIBOAE UCITOJAB3YEM CBOU O00O3HAYEHMSI, IPUHSITHIEC C YYETOM

BpeMeHHOi1 pyHKLMM e/®| 3aMeHO0i1 CKOPOCTH v Ha MepeMelleHne w = v /it 1 0003HAYEeHUSI
Y= k,. OcHoBHbIE 3Tanbl BhiBoaa [5] cnenyromue. Penlenue ypasHenus I'eibMrosibLa B BUIE

P = [ AHD (WK =7 | ay, Q@)

—oo
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Jlst onpenesnenus koadduuuenTa A, MCIONb30BaHO IPAHUYHOE YCIOBUE
dap*
or

N3 ypaBHeHus (21) 1 rpaHUYHOTO yCIoBUS (22) MOJIydeHO ypaBHEHUE IJIsSI OTIPEICICHUS
ko3 duimeHTa 4,

= po’w(z). (22)

r=a

=

[ Ak —yHP (a\/kz - yz)eindY = P’ w(2). (23)

—oo

C uenblo perieHust ypaBHeHUs (23) oTHOCUTENbHO KoadduLneHTa 4, nepemenieHrne w(z)
MpencTaBiIeHo B BUIe HTerpaia dypbe OTHOCUTENBHO TapaMeTPOB Y U T

1 N i
wz) = = [ Bpe™dy,
V2T e, (24)

B(y) = \/%n .[ w(z)e Fdz.

B pesynbTraTe ronctaHOBKM repeMelrtieHus w(z) (24) B ypaBHeHuUe (23) Mojiy4yeHo ypaBHEHUE

| 4l =D (i =Py = J%i [ B.epeay, 29)

n3 peweHus (25) HalineH koadduuneHT 4,

2
x/?t\/kz - yzH,(,z) (a\/k2 — yz)
B pesynbrate noncraHoBku A4, (26) B (21) nonyueHa dopmyina (5).

Oummoka IMlenneposa. B [5] pemieHre ypaBHeHMs1 [ebMroJiblia B3SITO B BUJIE MHTErPajioB
obeux gacreii paBeHcTBa (15)

pX(r,2) = T pdy = T AH (r\/k2 - yz)e’”zdy. (27)

TeMm caMbIM maBlIeHME p 3aMEHEHO Ha MHTeTpaJl JaBjieHus p* (21), HO MHTErpajl JaBJICHUS
p* UCTIONIb30BaH KaK AaBJIEHME p B TPAHUYHOM YCIIOBUH

dap*

or

B pa6ore [5] nepemMetiieHre w(z) MpeACTaBIEHO CIIEKTPaIbHBIM Pa3JI0OXeHUEM B BU/IE WH-
terpana Pypbe OTHOCUTEIFHO TTApaMeTPOB Y U Z. PeanbHbIe epeMenieHust w(Z) COCTOSIT U3

cocraBisiomux Buma w(z) = expligz], toe, Hanpumep, ¢ = 2mm/L. Torma mepemellecHue
w(z) = expligz] MOXHO npencTaBUTh MHTerpajgioM Mypbe OTHOCUTEIBLHO MAapaMETPOB ¢ U Z

= p’w(z). (28)

r=a

1T i
wz) = —— [ B(g)e"dg,
Vor 2, 9)

B(g) = ﬁ f w(z)e “dz.
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[ns onpenenenus koadduimeHra 4, nonctaBuM nepemertieHre w(z) (29) B ypasHeHue (27)

T ANK: VP H? (a\/kz _ yz)e”zdy - % T B,(q)e'"dg. (30)

B stoMm ciryyae onpenenants koadduumeHT 4, u3 ypasHeHus (30) HeBo3dMmoxHO. 1o sToit
npuduHe B [5] B pyHKIIMU nepeMelieHust w(z) 6€3 000CHOBaHUSI IPUHSTO ¢ = Y U B Pe3yJib-
Tare 3Toro nojaydeHa gopmyna (5). [lpunsitue paBeHcTBa 21tm/L = Y sABAsIETCS OLUMOKON.
OHO O3HayaeT YyCTAaHOBJIEHUE CBSI3U MEXIY JUTMHONW 000J04YKM L 1 3BYKOBBIM BOJHOBBIM
yucsaoM Y. BoHoBoe ypaBHEeHUE U ero pellieHue B JieBoit yacTu ypaBHeHUs (30), B KOTOphIE
BXOJIMT Y, HE MOT'YT 3aBUCETb OT JJIMHBI 0O0JIOUKHU.

[TapameTp g cBsi3aH ¢ BUOpanueil 0007104KH, orpenelisiercss GopMoit (Momoit) KojiebaHuii
ob6onouku. [TapameTp y-oceBoe BOJHOBOE YMCIO 3ByKOBOI BOJIHBI B KUAKOCTH, ONpeaessi-
€TCsl CKOPOCTBIO 3BYKa B XUJIKOCTU. B3anMHasi 3aMeHa 3Tux rnmapaMeTpoB He UMeeT husnue-
CKOTO CMbICJIa, TTIOTOMY YTO OHM (DU3MYECKM HE OJHOPOIHBI, y HUX pa3Has dusndeckas
npupoaa (XoTs pa3MepHOCTb OMMHAKOBAs ).

®dopmyna (5) npUHLUKUIIMAIBLHO OoTanYaeTcss oT ¢opmyibl (20). [lTaBHOE OT/IIMUYKME B TOM,
yTo B (5) yHKLMM [aHKeNsT HAXOAATCS MO 3HAKOM HeCcOOCTBEHHOro uHrerpaia. @opmyia
(5) siBAISIETCS CIENCTBUEM ABYX OLIMOOYHBIX IeMCTBUIA: 1) rpaHUYHOE YCI0OBUE IJIsS MHTeTpa-
Jla naBjieHus p* 3amuMcaHoO HeBEpHO; 2) MapaMeTp ¢ MPUPaBHEH K BOJIHOBOMY YMCJTy 3BYKO-
BOI1 BOJIHBI B XXMIKOCTH Y. OTCloAa cieyeT BbIBOM, 4To hopmyina (5) saBisieTcs: OLIMO0UYHOM
U MOJIb30BaThCs €10 He pekomeHayeTcst. Popmyia (5) u mogoOHbIe OIMOOYHbIE (HOPMYJIBI
KCIIOJIb30BaJIUCh MHOTMMHU aBTOpamu [6, 8, 11—13].

ITo moBony dopmynsl (11) oTMEeTHM, YTO IIPOBECTH €€ aHAJIU3 He IIPEICTABISICTCSI BO3-
MOXHBIM M3-3a OTCYTCTBMS B [9] BoiBoma ynkumm Ipuna. @opmynsr (5), (8), (11) umetor
001Ut MpU3HaK, B HUX QYHKIMU [aHKe ST BXOOSIT B MOABIHTEIPajbHYIO (DYHKIIMIO HECOO-
CTBEHHOTO MHTEerpaJja ¢ nmpeaejaMu MHTeTPUPOBaHUS (—oo, o),

Ommoka SIurepa u My3bruenko—Pbi0aka. [Tokaxkem, yto ¢hopmyisl (4) u (10) MOXHO 1O~
JIyauTb U3 popMyisl (5). 3agaaum nepemelieHue B BUIE

w(z) = we'”. 31)

IMToncrasum nepemenenue (31) B BeipaxkeHue (5)

P (e = 77) e
Ve = 17 (ol - 7)

ComacHO OIpeNeIeHUIO O-(DYHKLIVH 3aUIIeEM

2 ©o oo
— p(D iqz _—iyz
) =— wee e dvydz.
(== L L 0 Y

=3

[ e"“dz = 2md(q - ).

—oo

IMoncraBuM d-GYHKIMIO B MHTErPa

00’ ]j H? (r\/k2 - yz)eiyz
by =——W f
2 2 2 2
i = (i - )
CoracHO OCHOBHOMY CBOMCTBY 8- (DYHKIIMU IMOJTYYUM UMIIENAHC

0 _ M)

w(z) —Pe (\/k2 - qz) H,(f)'(a\/k2 - qz).

21d(g — Y)dy.

(32)
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N3 dopmynnl (32) monydyaroTcsi u3BeCTHhIE peneHus: dpopmyna (3) mjst 6€eCKOHEeYHOM
0060104KY TIpU g = 27tm/A u dopmyna (10) 11 orpaHUYEHHON 060J0YKY NpU g = Ttm/L.
IMomygaercst, uro popmyina (32) mpuromHa mist 6€CKOHEYHOM U IJIsSI OrpaHUYeHHOM 000J10-
yek. [lockonbky popmyna (5) ommbouHast, To u dopmyisl (3), (10), (12) moaydeHHBIE U3
Hee, ToxXe olmmbouyHble. OmuboyHocTh (hopmynsl (10) mpemompeneneHa ee BHIBOAOM U3
dopmynsl (8). YKazaTh NpUYMHY OIIMOKY B BeIBOME (hopMyJbl (3) He TIpencTaBiIsIeTCsl BO3-
MO>KHBIM, TOCKOJIbKY BbIBOJI €€ OTCYTCTBYET.

Ucnpasienune dopmysl [Tlenaeposa. Dopmyiy (5) MOXHO MCIIPABUTh, TaXe UCXOIs U3
uHTerpaia gasiieHus p* (21) u He npuberast K unterpany Mypobe. s 3T0ro HagO BMECTO
(22) ucnonp30BaTh MPaBUILHOE TPAHUYHOE YCIOBUE

" oo
P o | widy. (33)
on

Onpenenum kKoabdULIMEHT A, U3 ypaBHeHUs (21) v rpaHu4HOrO yciaosus (33)

—oo

oo

[ AnE =P H? (@l =)y = pa [ wiapdr.

—oo

4= PO’ W(2) .
eI - yzH,(,z)'(a\/kz - yz)

IToncraBuMm atoT koadduULMEHT 4, B (21)
T pcozH,(,z) (r\/kz - yz)
p*= ;
i = H (ak? - )

Ecnu B (34) ot uHTErpasa naBjaeHUs p* BEpHYThCA K JaBJICHUIO p, T.€. yOpaTh MHTETPUPO-
BaHME CJIeBa U CIIpaBa paBEHCTBA, TO, B KOHEYHOM cyeTe, Imoiryaum (20).

3akmoyenue. [TonyyeHo TOUHOE pellleHUEe 3adauyu M3JIydyeHUsl KOJeOaronencss UInH-
JIPUYECKOii 000JIOUKOI, TTIOrPY>KEHHOM B XUAKOCTU. DOpMysia 3ByKOBOTO AaBJICHUST U3JTY-
YEeHHOTO TIOJISI MOJTydeHa Ha OCHOBE PEIIeHUsST BOJTHOBOTO YpaBHEHUsI. B 4mciie 0CHOBHBIX
pe3yIbTaTOB OTMETUM cienyrolue pe3yabratsl: 1. OmpeneneHo oceBoe BOJHOBOE YHMCIIO
3BYKOBOI'O IOJIS1, U3JyYEHHOTO LMJIMHAPUYECKOH 000J104KOii paBHOE k, = kcos6. 2. Mmmne-
JTAHC 3BYKOBOTO TTOJIST, U3JTy4EHHOTO LIMIMHIAPUYECKON 000JI0YKOM, MHBApUAHTEH ITO OTHO-
IIEHUIO K TUITY 000JIOYKM (KOHEYHasT U OeCKOHEeUHas ), T.¢. OH MPUMEHUM K JTI000M 11~
JIMHApUYecKoit oboouke. 3. duzndyeck 0OyCIOBIEHHOI CBA3M MEXIY OCEBBIM 3BYKOBBIM
BOJIHOBBIM UYMCJIOM Kk, ¥ BOJIHOBBIMU 4uclIaMu aedopmanyu g = 2nm/L u g = 2n/) Her.
DyHKIMOHATBHO OHU He B3aumo3aMeHsieMble. 4. @opmyina [llenneposa (5) 1 aHaIOTMYHBIE
et popmyIibl, B KOTOpBIX (yHKIIMK ['aHKe s HaXOasITCS Mo 3HAKOM HECOOCTBEHHOTO MHTE-
rpana ot guddepenumana f(y)dy, a Yy = g — ommbouHsle. Dopmybl, BEIBEIEHHBIE U3 GHOp-
myibl IllennepoBa (5), Takxke omunoouyHble. 5. [lonydyeHHast ¢popMyna naBjieHUs] 3ByKOBOTO
MOJISI, U3JIy4aeMOTro LWIMHAPUYECKUMU o0osioukamu B Xuakoctu (20), yHUBepcalibHa U
TIPUTOIHA JIJIsI PEeIIeHMST BCeX 3a1a4d THIAPOAKyCTUKHU HMJIMHAPUIECKUX 000oueK. PenreHre
MTOCTaBJICHHOM 3a7a4i MOXHO CUUTATh 3aKOHYEHHBIM.

w(z)d. (34)
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