
ЖЭТФ, 2022, том 162, вып. 4 (10), стр. 555–563 © 2022

MOMENTUM ALIGNMENT AND THE OPTICAL VALLEY HALL
EFFECT IN LOW-DIMENSIONAL DIRAC MATERIALS

V. A. Saroka a,b, R. R. Hartmann c, M. E. Portnoi a*

a Physics and Astronomy, University of Exeter, Stocker Road, Exeter EX4 4QL, United Kingdom

b Institute for Nuclear Problems, Belarusian State University, 220030, Minsk, Belarus

c Physics Department, De La Salle University, 0922 Manila, Philippines

Received June 2, 2022,
revised version June 9, 2022
Accepted June 10, 2022

Contribution for the JETP special issue in honor of E. I. Rashba’s 95th birthday

DOI: 10.31857/S004445102210011X
EDN: JTNVUO

One of the best-known properties of graphene is its
universal optical absorption for a broad range of fre-
quencies [1]. It is less-known that a linearly polarized
excitation creates in graphene-like materials a strongly
anisotropic distribution of photoexcited carriers, with
their momenta aligned preferentially normal to the po-
larization plane, allowing one to effectively steer the
direction of electrons by light [2]. This largely over-
looked effect is the central theme of our paper. A sim-
ilar momentum alignment phenomenon occurs in bulk
GaAs-type semiconductors [3] and quantum wells [4–8],
where the electrons created by the interband absorption
of linearly polarized light are also distributed anisotrop-
ically in momentum space; the same selection rules
govern polarization properties of quantum-well-based
lasers [9]. In conventional semiconductors the align-
ment is due to the spin-orbit interaction, whereas in
graphene, it is due to the pseudo-spin. Namely, the ra-
tio of the two components of the spinor-like graphene
wavefunction depends on the direction of momentum
which influences the optical transition selection rules.
Unlike semiconductors where most optical phenomena
are associated with the band edge transitions, photoex-
cited carriers in graphene are always created with a sig-
nificant value of momentum and a linearly polarized ex-
citation results in strong momentum anisotropy for all
excitation energies. Momentum alignment in graphene
was first discussed in Ref. [2] followed by a number of
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papers mostly dealing with the photogalvanic effect see,
e. g., Ref. [10] and references therein. Notably, in this
paper we do not deal with photocurrents largely in-
fluenced by relaxation processes [11], rather, we focus
on the selection rules and the shape of the momentum
distribution function at the instant of photoexcitation.

In graphene and graphene-like two-dimensional
(2D) Dirac materials, such as single layers of group-VI
dichalcogenides [12, 13] and elemental analogues of
graphene [14,15] including silicene, germanene, stanene
and several others, the electronic properties can be
described in terms of particles belonging to two val-
leys [16], centered around the symmetry points K

and K′. These points are nonequivalent and degen-
erate in terms of energy. This degree of degeneracy
is the so-called valley degree of freedom. It has been
proposed that this additional quantum number can be
utilized in an analogous manner to spin in semiconduc-
tor spintronics [17] and has been suggested as a basis
for carrying information in graphene-based devices [18].
For gapped 2D Dirac materials, excitation by linearly
polarized light with a photon energy just above the
band gap results in an equal population of both valleys.
However, as we show below, at higher excitation ener-
gies, the trigonal warping effect (an anisotropy of the
equal-energy contour) in conjunction with momentum
alignment can be utilized to spatially separate carriers
belonging to different valleys, thus providing a route to
optovalleytronics — the optical control of valley popu-
lation. This optical valley Hall effect becomes stronger
as the photon energy increases.
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Fig. 1. The polar plots of the momentum distribution functions for (a) graphene and an isotropic gapped 2D Dirac material
excited at (b) hν = 2Eg and (c) hν = 1.1Eg , for φ = 0. Here, the black arrow represents the polarization of the excitation,

which is assumed to be along the x-axis

Fig. 2. The absolute value of the matrix element of the veloc-
ity operator associated with interband transitions induced by
right-handed circularly polarized light as a function of excita-
tion energy. The lower and upper curves correspond to the K

and K′ valleys, respectively

In gapless 2D materials, such as graphene, in addi-
tion to the aforementioned trigonal warping which oc-
curs at high energies, there is a strong anisotropic mod-
ification to the spectra near the apex of the Dirac cone
due to the celebrated Rashba spin-orbit effect [19–21],
which is inevitable in the presence of a substrate and
can be controlled by the back-gate voltage. The im-
portance of Rashba spin-orbit interaction for graphene
physics was realized by Kane and Mele [22] practically
simultaneously with graphene exfoliation which was fol-
lowed by an extensive body of research including im-
portant contributions by Rashba himself [23–25]. The
presence of the Rashba term, which is significant at low
energies, should result in an optical valley Hall effect
occurring also at much lower far-infrared frequencies.

Fig. 3. The polar plots of the momentum distribution function
of photoexcited carriers generated by linearly-polarized light
in a gapped graphene-like crystal when the trigonal warping
is taken into account for: (a) φ = 0, hν = 1.1Eg , and
Eg = 0.1|t|, (b) φ = π/2, hν = 1.1Eg , and Eg = 0.1|t|,
(c) φ = 0, hν = 5Eg, and Eg = 0.1|t|, (d) φ = π/2,
hν = 5Eg, and Eg = 0.1|t|. Here, φ is the angle between the
excitation polarization plane and the x-axis at normal light
incidence. The energy gap is given in terms of the hopping
integral, |t| ≈ 3 eV. The green and red lines show the con-
tributions from the K and K′ valleys, respectively, while the
blue contour is their sum, and the bold black arrows represent

the polarization of the excitation

In contrast to the optical spin and valley Hall effects
in polaritonics [26–28], our predicted optical valley Hall
effect, caused by the spatial separation of carriers be-
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Fig. 4. (a) The polar plots of the momentum distribution of
photo-excited carriers in the low-energy regime at normal light
incidence when the excitation polarization plane is along the
x-axis, i. e. φ = 0. (b) The equienergy contour around the K′

point (black line), in the regime where trigonal warping be-
comes important. Here, the red line indicates a direction
in k-space where κ is maximum, while the blue line indicates
a direction in k-space where κ is minimum. The contribution
to the momentum distribution of photo-excited carriers from
the (c) K′ point and (d) K point is shown. In both instances
φ = 0 and hν = 0.6|t|. As a guide to the eye, the correspond-
ing equienergy contours are drawn next to each distribution
function and the bold black arrows represent the polarization

of the excitation

longing to different valleys by linearly polarized light,
does not need a microcavity. A better-known alter-
native route to optovalleytronics utilizes circularly po-
larized light in quasi-2D Dirac materials with non-zero
effective mass. Unlike in gapless 2D Dirac materials,
the selection rules for interband transitions for circu-
larly polarized light in gapped graphene-like systems
are strongly valley dependent. Namely, circularly po-
larized radiation of a specific handedness, with an en-
ergy matching the band gap, will excite electrons in one
valley only. These optical transition selection rules are
independent of the physical nature of the gap. The gap
can be opened, e. g., by placing graphene on a match-
ing substrate with two chemically different atoms un-
derneath the two neighbouring carbon atoms [29,30] or
chemically-functionalized graphene [31]. The valley-de-
pendent selection rules for circularly-polarized light can
be utilized for the detection of the optical valley Hall
effect. In single layers of transition metal dichalco-

genides [32] the gap is believed to be of a mixed nature,
involving significantly differing on-site energies accom-
panied by spin-valley locking due to strong spin-orbit
coupling. Thus, in these materials the optical valley
Hall effect is automatically accompanied by the optical
spin Hall effect.

The momentum alignment phenomenon also has
profound consequences for optical transition selection
rules in narrow-gap carbon nanotubes (CNTs) and
graphene nanoribbons (GNRs). Namely, the angu-
lar dependence of graphene’s momentum distribution
function leads to a spectacular enhancement in the ma-
trix element of optical interband transition at the band
edge in these quasi-one-dimensional (1D) nanostruc-
tures. This enhancement is due to an effective quan-
tized momentum in the direction normal to the CNT
or GNR axis which governs the interband transitions
when the free momentum along the axis is small. The
pronounced peak in the optical matrix element at the
band gap edge has a universal value which is propor-
tional to the Fermi velocity and is independent of na-
ture of the gap, which can be magnetic-field, curvature
or edge-effect induced.

In what follows, we derive the optical selection
rules for interband transitions in 2D Dirac materials
for both linearly and circularly polarized excitations.
In the low-energy regime and in the absence of the
Rashba term, the optical selection rules for linearly-po-
larized excitations are shown to be valley independent;
the same is true for circularly-polarized excitations in
graphene. In contrast, for gapped 2D Dirac materi-
als the optical transitions associated with circularly-po-
larized light are valley-dependent. The distribution of
photoexcited carriers is first calculated in the absence
of the Rashba term, for both the low energy regime and
for the range of frequencies in which trigonal warping
effects become important. Next, we show that in the
presence of warping, a linearly polarized excitation will
result in the spatial separation of carriers belonging
to different valleys (optical valley Hall effect). An ex-
perimental set up is proposed to observe this effect in
gapped 2D Dirac materials.

We then return to the low-energy part of the spec-
trum of gapless materials, but with the Rashba term
introduced. This term results in a strong warping ef-
fect near the apex of the Dirac cone. This leads to a
spectacular valley separation effect upon a linearly-po-
larized excitation, at a completely different photon en-
ergy scale. This energy scale can be tuned by modifying
the strength of the Rashba term by changing the value
of the back-gate voltage.

8 ЖЭТФ, вып. 4 (10)
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Fig. 5. The degree of valley polarization for (a) Eg = 0 and (b) Eg = 0.1|t| for an excitation frequency of hν = 0.5|t|. The solid
and dashed lines correspond to the polarization angles φ = 0 and φ = π/2 respectively

Fig. 6. The graphene valence and conduction energy bands
around the K and K′ points when Rashba spin-orbit interac-
tion is accounted for. The Rashba coupling constant is chosen

to be λR = 0.1|t| in terms of the hopping integral, t

We also apply the theory of momentum alignment
in graphene to quasi-1D systems such as narrow-gap
CNTs and armchair GNRs (AGNRs). These systems
are shown to have strong low-energy interband transi-
tions, which are typically in the THz range [33]. Fi-
nally, we discuss the possibility for the experimental
observation of the predicted strong THz transitions and
how they could be used in THz emitters.

Fig. 7. The polar plots of the momentum distribution func-
tion of photoexcited carriers generated by linearly-polarized
light in graphene when Rashba spin-orbit coupling is taken
into account: (a) φ = 0 and hν = 0.05|t|, (b) φ = π/2

and hν = 0.05|t|, (c) φ = 0 and hν = 0.3|t|, (d) φ = π/2

and hν = 0.3|t|. Here φ is the angle between the excitation
polarization plane and the x-axis assuming normal incidence.
The Rashba coupling constant is chosen to be λR = 0.1|t|,
where |t| ≈ 3 eV is the hopping integral in graphene. The
green and red lines show the contributions from the K and K′

valley, respectively; while the blue contour is the total sum
of valley contributions. The bold black arrows represent the

polarization of the excitation

The results from the list of Refs. [1–92] are used
and/or discussed in our work. The presented figures
illustrate our results.
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Fig. 8. Illustration of the giant enhancement of interband transitions across the narrow band gap in quasi-metallic carbon nano-
tubes and graphene nanoribbons explained in terms of the momentum alignment phenomenon in graphene. Each of the panels A,
B, C, and D shows the dependence of the transition matrix element on the angle between the excitation polarization plane and
the momentum of the photoexcited carrier, as well as the momentum vector direction. A and B correspond to the gapless case
with the energy spectrum shown in the top left-hand side panel when the cross section of the cone passes through the Dirac
point (κy = 0). As there is no momentum normal to the light polarization plane, optical transitions are totally forbidden in the
conic approximation for both A (κx = 0) and B (κx �= 0). C and D correspond to the narrow-gap case when the cross section
avoids the Dirac point (κy �= 0). C is for a band-edge transition when κx = 0 and the transition probability reaches its maximum.
D corresponds to κy �= 0 and κx �= 0, the increase in κx leads to a reduction in the transition probability. The length of the

dark-green arrows in the polar plots (vanishing for A and B) show the magnitude of the matrix element of transition
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Fig. 9. The absolute value of the velocity operator matrix element with (solid black) and without (dashed grey) curvature effect
for (a) CNT (9, 3); (b) CNT (12, 3); (c) CNT (12, 0), and (d) CNT (6, 3). The insets show the conduction bands in the vicinity
of the Dirac point with (solid black) and without (dashed grey) curvature effect taken into account. The CNT unit cells are
presented in the bottom right corner of each plot. For all chosen tubes, only the C–C bond contraction which dominates the
curvature effects is accounted for. The universal character of the peak is highlighted by the solid horizontal line which marks vF

level. T is the translation period of the tube

Fig. 10. (a),(c) are the band structures and (b), (d) are the velocity operator matrix elements of a AGNR(8) and zigzag CNT(9, 0),
respectively. Transitions between the closest valence and conduction subbands (thick black line), the lowest and highest subbands
(dashed dotted, light gray line), and for the subbands, for which velocity matrix element attains the maximum possible value
(dashed, gray line), are highlighted with respect to the remaining bands and matrix elements (gray, dotted line). The insets in
panels (a) and (c) show the zoomed in region close to the Dirac point where the band gap is present. In panels (b) and (d) the
solid horizontal line corresponds to vF as a guide to the eye. On the right side the atomic structures are shown. In both cases
the hopping integral, |t| ≈ 3 eV and the edge correction for the ribbon is 0.05|t|, whereas the curvature correction for the tube

is 0.01|t|. T is the translation period of the structure
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Fig. 11. A schematic illustration of (a) the high frequency op-
tical excitation (b) non-radiative electron relaxation due to the
electron-phonon scattering and (c) the population inversion in

an n-doped narrow gap CNT or GNR

The full text of this paper is published in the English
version of JETP.
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