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MATEMATHUKA

NHBAPUAHTHBIE ®OPMbI OBbEMA 'EOJAE3UYECKUX,
INOTEHIUAJIbHBIX 1 TUCCUITIATUBHbBIX CUCTEM HA KACATEJIbHOM
PACCJIOEHUU YETBIPEXMEPHOI'O MHOT'OOBPA3UA
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OOHapyXeHue JOCTaTOYHOTO KOJIMYeCTBa TEH30P-
HBIX UHBAPUAHTOB (1 HE TOJIBKO ITIEPBBIX UHTETPAJIOB),
Kak MU3BeCTHO [1—3], MO3BOISIET TIPOUMHTETPUPOBATH
cuctemy auddepeHIManbHbIX ypaBHeHUl. Hampu-
Mep, Hajauuue WHBapuaHTHON muddepeHInaaIbHoi
dopmMBl Ha3zoBOro odbeMa ITO3BOJISIET YMEHBIIUTH
KOJIMYECTBO TpeOyeMbIX IEepBbIX MHTerpasioB. Kak
W3BECTHO, IJIsI KOHCEPBAaTUBHBIX CHUCTEM 3TOT (DaKT
ecTecTBeHeH. s crucTeM Ke, o0iamalomx IIpuTs -
TMBAOIIMMU WIN OTTAIKMBAIOIIUMU MpeaeaTbHbIMU
MHOXECTBaMU, HE TOJIbKO HEKOTOPEIE IIePBhIe MHTE-
rpaabl, HO M1 KO3(MOGUIIMEHTH UMEIOLINXCS NHBAPU -
aHTHBIX JUddHepeHIInaTbHBIX (POPM JTOIKHBI, BOOO-
IIIe TOBOPSI, BKJIIOYATh TPAaHCLIEHACHTHEIE (T.€. UMEIO-
1€ CYIIECTBEHHO OCOOBI€ TOYKH, B CMBICIIE
KOMIUIEKCHOTO aHaIn3a) QyHKIUU (cM. Takxke [4—6]).

KpaTko mnpuBeneM NnpuMepbl 4acTO BCTpedaro-
LIUXCS TEH30PHBIX UHBapuaHTOB. CKaJIsIpHbIE MHBA-
PUAHTBI — 3TO MEPBbIE MHTErPaJIbl pacCMaTpUBaeMOit
cucteMbl. MHBapuaHTHBIE BEKTOPHbBIE TTOJIST — TIOJIST
CUMMETpUii (OHU KOMMYTUPYIOT C BEKTOPHBIM TO-
JIeM paccMaTpuBaeMoit cuctembl). Da3oBbie TTOTOKU
cucteM nuddepeHIMaIbHBIX YPaBHEHU, TOPOXKIA-
€MbIX 9TUMU TOJISIMU, IEPEBOJST pellieHUs paccMar-
pUBaeMoOil CUCTEMbI B pELIEHUS] TON K& CUCTEMBI.
MuBapuaHTHBIE BHelIHUE JuddepeHIraTbHbIe

! Mockoeckuii 2ocydapcmeentulii yuugepcumem
umenu M. B. J/lomornocoea, Mockea, Poccus
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¢opMbI (UTO, B OCHOBHOM, M TPOBENCHO B JaHHOI
paboTre) TOpOXMAIOT MHTeTpajbHble WHBAapUAHTHI
paccMmarpuBaemoii cucteMbl. [Ipy 3TOM camMo Bek-
TOpHOE TO0JIe pacCMaTpUBAEMOIl CUCTEMBI SIBJISIETCS
OIIHVM W3 MTHBApUAHTOB (TPUBHAILHBIN MHBAPUAHT).
3HaHue TEH30PHBIX UHBAPUAHTOB paccMaTpPUBaEeMO
cUCTeMBI TUddepeHIINATBHBIX YPABHEHUN U €€ MH-
TeTpUpOBaHWEe, W KadeCTBEHHOE WCCIeIOBaHME.
Harr mogxon cocTOUT B TOM, YTO JUISI TOYHOTO MHTE-
IPUPOBaHUSI aBTOHOMHOM cUCTeMBI U3 1 AuddepeH-
IIMAJIbHBIX YpaBHEHUM, TIOMUMO YIIOMSHYTOTO TPH-
BUAJIbHOTO MHBAapUaHTa, HAIO 3HATH elle # — 1 He3a-
BUCHMBIX TEH30PHBIX MHBAPUAHTOB.

Kak mokaszaHo paHee, 3aadya 0 ABUKEHUU MSATU-
MEPHOro MasiTHMKA Ha 00OOIIEeHHOM CepruIecKOM
IIapHUPEe B HEKOHCEPBATUBHOM II0JIE CUJI, KOTOPBIA
MOXHO OOpa3HO OMucaTh Kak “IOTOK Haberarouiei
cpedbl, 3aloJHSIONIE BCceoObeMIIIONIee IISITUMEP-
HOE MIPOCTPAHCTBO”, 3TA 3a7adya MPUBOINUT K TWHA-
MUYECKOIl cucTeMe Ha KacaTeJbHOM PacCIOCHUU K
YeThIpeXMEePHOI cepe, IIpu 3TOM METPUKa CHEN-
aJIbHOTO BUJA Ha HEM MHIYLIMPOBaHA IOIOJHUTEIb-
HbIMU TpynnamMu cummerpuil [7]. JluHamudeckue
CUCTEMBI, OITMCHIBAIOIIYE NBUKEHME TAaKOIO MasiT-
HHMKa, 00JamaroT 3HaKOIepeMEeHHOM ANCCUTIannei,
MOJIHBIM CMUCOK TMEPBBIX MHTETPAJIOB COCTOUT U3
TPaHCUECHICHTHBIX (PYHKIIMI, BHIPAaXKAIOIIMXCS 4e-
pe3 KOHEYHYI0O KOMOMHAIIMIO 3JIeMEHTApPHBIX (PyHK-
uuit. To xe daszoBoe MPOCTPAaHCTBO €CTECTBEHHO
BO3HUKAET B 3aa4e O IBVXKCHUY TOYKM 110 YEThIPEX-
MEpHOI cdepe ¢ MHAYLMPOBAHHOKM METPUKOM BCe-
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00BEMITIONIETO IISITUMEPHOTO MpocTpaHcTBa. OTMe-
THUM TaKXe 3aJa4yd O JIBUKEHUHM TOYKM I10 OoJiee 00-
IIUM YeThIpEXMEPHBIM ITOBEPXHOCTSIM BpallleHUsI, B
npocTpaHcTBe JJobayeBCKOTO 1 T.1.

BniepBbie yacTHBIE cllydaldl CUCTEM C YETBIPhMSI
CTEIIEHSIMU CBOOOABI C HEKOHCEPBAaTUBHBIM ITOJIEM
CHJI paccMaTpuBaiicCh B [5]. Hacrosmmee nccnenona-
HUE€ pacIIpoCTpaHseT pe3yabTaThl 3TUX paboT Ha 60-
Jiee IMMPOKUIT KJTacC AUHAMMNYECKNX CUCTEM.

B mannoii paboTe mIs paccMaTpUBaeMoOTo Kiracca
JIUHAMUYECKUX CUCTEM TMPEIbSIBICHBI TTIOJHbIE HA00-
pbl MHBapUaHTHBIX nuddepeHIanbHbIX popM pa-
30BOTO O0OBEMa UIST OMHOPOMHBIX CMCTEM Ha Kaca-
TEJIbHBIX PACCIOCHUSIX K TJIaJKUM YeThIPEXMEPHBIM
MHOT000pa3usaIM (00 aHAJIOTUIHBIX MCCIICTOBAaHUSIX
IIJIsI CUCTEM MEHBIIIe pasMepHOCTH cM. [6]). TToka-
3aHa CBSI3b HAJIMYUS NaHHBIX WHBApUAHTOB U TIOJI-
HBIM HaOOpOM TMEPBBIX MHTETPAIIOB, HEOOXOTUMBIX
IUIST MTHTETPUPOBAHUS T€OIe3NIECKIX, TTOTEHITNATh-
HBIX U IUCCUMATUBHBIX cucteM. IIpu 3TOM BBOIU-
Mbl€ CUJIOBBIE MOJISI BHOCSIT B paccCMaTprBaeMble CU-
CTEMBI TMCCHUTIAINIO Pa3HOTO 3HAKa M 0000IIArOT pa-
Hee pacCMOTPEHHBIC.

CHavana wu3yyaeTcsl 3aladya TIeole3udyecKux,
BKJIIOUAIoI1asi, B YaCTHOCTU, reoe3ndyeckue Ha cde-
p€ U IPYryuX MOBEPXHOCTSIX BPAIllEHUSI, YeThIpeXMep-
Horo TmpocTpaHcTBa JloGaueBcKoro. YKa3bIBarOTCS
JIOCTAaTOYHbIE YCJIOBUSI MHTETPUPYEMOCTU YpaBHE-
HU Teoie3nYecKux. 3aTeM B CUCTEMBbI 100aBISIETCS
MOoTeHIMaIbHOE M0Jie CUJI CIIelIMabHOTO B1Ia, TaK-
K€ YKa3bIBalOTCS 1IOCTATOYHbIE YCIIOBUSI UHTETPUPY-
€MOCTH paccMaTpUBaeMbIX YypaBHEHUI, Ha KJlaccax
3a/1ay, aHAJIOTMYHBIX pACCMOTPEHHbIM paHee. U B 3a-
KJIIOUeHUE paccMaTpUBaEeTCsl YCJIOXHEHWE 3aaayu,
BO3HUKAIOLIEE B pe3yJibTaTe 100aBJIeHUS] HEKOHCEeP-
BaTUBHOTIO TIOJISI CUJI CO 3HAKOMNEPEeMEeHHON NUucCu-
nauuent. Takxke yKa3bIBalOTCs JOCTATOUHbIE YCIOBUS
WHTErPUPYEMOCTHU.

1. ViuBapuaHTbl ypaBHeHMii reoje3nyeckux. Pac-
CMOTPHUM IVIAJKOE YETBIPEXMEPHOE PUMAHOBO MHO-
roo6pasue M*{c, B} ¢ koopauHaramu (o, B), B = (B,
B,, B3), puMaHOBO# MeTpHKOIi (0L, ), mopoxnao-

et apduHHYIO CBI3HOCTH Fljk(oc, B), u uzyyum
CTPYKTYpY YpaBHEHMIA Teone3ndeCcKIX JMHWM Ha Ka-

carenbHOM pacciaoenun TM*o B, B, Bs; o, By, B), Bs}
(cp. ¢ [5, 8]) mpu U3MEHEHUU KOOPIMHAT Ha HEM.
s aTOro paccMOTpUM Hajiee OOIIMiA cayJail 3ama-
HUsI HOBBIX KHWHEMATUIECKUX COOTHOIICHUM B clie-
IyIOIeM BUJE:

o =z/4(0), B =z/A(0),
B, = 22H(@gB), Bs =z A()gB)AB,),

e f(o), k=1,...,4, gB), = 1,2, h(B,) — tmankue
(DYHKLMM, HE paBHbIE TOXIECTBEHHO HYy0. Takue
KOODPAMHATHI Z;, ..., Z; B KACATeJIbHOM ITPOCTPAHCTBE

YMECTHO BBOAWTH TOTHA, KOTHA pPacCMaTpUBAIOTCS

ey
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cJeayIoe ypaBHeHUS reoae3ndeckux (cp. ¢ [5, 7, 9,
10]) ¢ 13 HeHysIeBbIMU KO DUITMEeHTaMU CBSI3HOCTU:

o+ Tgu(0uB)or® + Ty BB, +
+ T B)By” + T B)By” = 0,
Bl + 2T (0 B)orB; + Toy(at B)BY
+ To3(0u PR3’ = 0,
By + 205, (0L B)ar B, + 2T, (0L BB +
+ T30, B)By” = 0,
By + 2T (0L B)orBs + 25(0L B)BBS +

+ 2055(0, PBAB; = 0,

T.€. OCTaJIbHbIE KOA(MMUIIMEHTHI CBSI3HOCTU PaBHBI
Hymo. B ciydae (1) HeoOXoauMMble COOTHOILECHUSI,
UX OOIOJHSIONIME Ha KacaTeIbHOM pacCIOeHUUN

TMZ‘{OC:BI:BZ»B% L, BI’BZ’BB;}» NPUMYT BUI
g = =) 20oa(0.B) + D) |2 —

— (@) 2030 B) + D& B) 1z —
— £()2(B)] 20350, B) + DAB,) | 1122,
2 = /(@) 205,(0B) + Dfy(0) | 22 -

— ()] 20050, B) + Dgi(By) | 2225 -

(2)

f3 (a)gz(Bl) 2
7@ 2.B,) h (B, 33(‘1 B)Zl 5 3)

& = £ 2Ma(0uB) + DAi(0) | 3 -

j;zl((a)) Z(Bl) 22(“ B)Zz -

le ((OL)) 2(Bl)h (B2)F33(OC B)le

% = —£i(@)| Tou(B) + Dfy(e) |5 —

ARG _B@ )
1) I (o B) f4() (B)zz(aB)zz
?4((0()) 2(Bl)h B0, B)Zla

dIn|j(y)

Dj(y) = 4 , 1 ypaBHeHUsI (2) Teoae3ndecKux Io-
v
YTH BCIOAY 9KBUBAJIEHTHBI cocTaBHOI cucteMe (1), (3)

Ha MHoroo6pasuu TM*a.', B, B, B5; o, By, B, Bs)-

OTMeTHM psif 3a1a4, IIPUBOISIINX K YpaBHEHU -
am (2) (x cucteme (1), (3)).

TOoM 509 2023



NMHBAPUAHTHBIE ®OPMbI OBLbEMA I'EOAE3MYECKUX, TOTEHLUMAJIBHBIX 71

(a) CucTteMbl Ha KacaTeIbHOM PacCIOCHHUHU K Je-
ThIpeXMepHOIi chepe. 31ech HEOOXOIUMO BBIIEIUTh
JIBa ciiydasi MeTpUK Ha cepe. OnuH ciaydaili — MeT-
puKa, MHAyIMpOBaHHAasI €BKJIMIOBOM METPUKOM BCE-
00OBEMITIONIETO TISITUMEPHOro IpocTpaHCcTBa. Takas
METpHMKA €CTeCTBEHHA I M3YYeHUS 3a1a41 O JBU-
KEHUW TOYKM TO Takoii cdepe. Bropoit ciaygait —
MpUBeAcHHAasI METpUKa, MHAYLMPOBaHHAas IpyIiaMu
CUMMETPHIA, XapaKTEPHBIX IJISI AUHAMUKN JUHAMM-
YeCKHM CUMMETPUYHOTIO IIITUMEPHOTO TBEPAOIO Tea.

(6) CucteMbl Ha KacaTeIbHBIX PacCIOeHMSIX Oojee
O0LIMX YETBIPEXMEPHBIX TTOBEPXHOCTEU BpallleHUS.

(B) CucteMbl Ha KacaTeIbHOM PacCIOCHUU YEThI-
pexMepHoro npoctpaHcTBa JlobaueBCKOro B MoaeIun
Knetina.

st momHOro MHTEerpupoBaHust cucteMsl (1), (3)
JIOCTATOYHO 3HATh, BOOOIIIE TOBOPS, MSATh HE3aBUCU -
MBIX TEH30PHBIX MHBApUAHTOB: WJIM IISITh IEPBBIX
WHTETPaJIOB, WIN MSITh He3aBUCUMBIX U depeHII-
aTBHBIX (OPM, MJIM KaKyl0-TO KOMOMHAIIAIO U3 WH-
TerpajioB 1 (GOpM OOILIUM KOJMYECTBOM MsTh. Ilpu
9TOM, KOHEUYHO, MHBAapUaHTHl (B YaCTHOCTH, IS
ypaBHEHM TeoIe3NISCKNX) MOKHO MCKaTh 1 B O0Jiee
o0l1IeM BUJE, YeM paccMOTpeHo aaiee. To, 4To MmoJji-
HBI1 HA0Op COCTOUT U3 MSATU, a HE U3 CEMU, TEH30P-
HBIX MTHBAapUAHTOB, OyIET II0Ka3aHO HIKE.

Kak mM3BeCcTHO, NMepBLIM MHTErPAJIOM YpaBHEHUI
reoge3ndeckux (2), MmepenucaHHbIX B BUIE X+
4
j jo ke .
+ Z [ ox”x™ =0,i=1, ..., 4, apnsercs magkas

Jk=1
4
e ke
GyHKIIMS Z g jk(x)x’ X, HO MBI IIPEICTABUM €I0 B
J.k=1
Oosee mpocToii popme. Kpome Toro, B ciemyroneii
TeopeMe (KOTopas CIipaBelivBa U IIpU 0oJjiee 00X
YCJIOBUSIX) HaKJIaAbIBAIOTCS ajiredpanyeckue u nud-

(epeHLMaIBbHBIE COOTHOLLIEHUSI HA QYHKLMU f, (OL),
k=1,..,4,g@B),!/=1,2, h(B,) u3 (1) u Ha 13 HeHY-
JIEBBIX KOO DUIIMEHTOB CBSI3ZHOCTH.

Teopema 1. Eciau ebinonnenst ycaosus

file) = f(0) = fi(0) = f(a),
gl(Bl) = gz(Bl) = g(l?’l),
Tou(0uB) = Top(aB) = Tog(0,B) = Iy (o),
Th(a,B) =Th(o,B) =TH(),  Thp) =T5B,),

Ti(0uB) = Toy(e B’ (B) =

= T5(0LB)g’ B (B,) = T4(00),

1“122([31) = h2(B2)F133(B1’B2)’

Lo (0LB) + Dfy(ar) = 0, (6)
SL@)[2T (o) + DF ()] + (o) 4(0) = 0,
2T5(B) + Dg(By) + & (B)T(By) = 0,

2T5(B,) + Dh(B,) + 1’ (BT 5:(B,) = 0,

C))

(&)
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mo cucmema (1), (3) obaadaem noanvim Habopom, co-
CMOAWUM U3 NAMU NeP8blX UHMe2panos 8Uoa

¢1(Z4,---,Z1)=Z12 +...+zf =C12 = const. (7)

2 2 2
Dy(23,2, 2,000 =7 + 25 + 3Py(00)=C, =const, (8)

®y() = flayexp 2| T(b)dbr,

Oy

‘D3(Zz,11;0€a[31) = )
=z + 5Py ()Y, (B) = C; = const,
By
¥\(B) = B exp 2 [ Tab)dby,
BI,U
D,(z;50, BI’B2) = Z1(Do(06)l1’1([31)l1’2([32) = 9-1)

= (C, = const,

B
¥a(B,) = hBy)exp2 [ Ty(b)db
BZ,O

db =

B,
C,h(b)
q’s(Bz’Bs) = Bs * 4
[3-2[ (10)

NC¥3) -
= (s = const.

boaee moeo, nocae Hekomopoeo ee npusedenus (3a-
MeH He3asucumoii nepemennoii d /dt = f,(0)d/dT u gpa-

2 2 2
308bIX Wy = 74, Wi = In|ws|, wy =z + 25 + 25, wr =
[ 2
w, + 1+ws‘, s =1, 2, w,=2/7,

= z3/\/z12 + z22) ¢aszoewiii nomok cucmemwt (1), (3) co-
xpausem ob6sem Ha Kacamenvhom paccaoenuu TM?,
m.e. coxpaHsemcs ougpgepenyuanvrasn gpopma gazoeo-
20 0o0sema

=1In w =

dwy A dwE A dwE A dw A dou A dB, A dB, A dB,.

BunHo, uro ycioBuii (4)—(6) 3aBeIOMO MEHbIIIE,
YeM KOJIMYECTBO “IIPOU3BOJIbHBIX” QYHKUUHA f,(Q),
k=1,....,4, @), =1,2, h(B,) u 13, BooG11e roBopsl,
HEHYJIEBBIX KO3((ULIMEHTOB CBSI3HOCTH.

Cucrema muddepeHINaTbHBIX paBeHCTB u3 (6)
MOXET TPaKTOBAaThCsl KaK BO3MOXHOCTh ITpeoopaszo-
BaHMS KBaJpPaTUIHON (pOpMBI METPUKHU MHOTrooopa-
311 K KAHOHUYECKOMY BUAY C 3aKOHOM COXpaHEeHUsI
sHeprum (7) (mau cm. Hke (12)) B 3aBUCMMOCTH OT
paccmatrpuBaeMoii 3agauu. MicTopus u TeKyliee co-
CTOSIHHE PACCMOTPEHUS TaHHOM GoJjiee o0lIeit mpo-
0J1eMBI TOCTATOYHO OOIIMPHBI (OTMETHUM JIMIITH pabo-
1ol [9, 10]). ITpu a3TOM MoMcK Kak nHTerpana (7), Tak
u (8)—(10) onupaercst Ha HaTUYKUE B CUCTEME AOIOJI-
HUTEIbHBIX TPYIIIT cMMMeTpuii [5, 11].

Ilpumeppr 1, 2. B ciiydae 060011IeHHBIX C(heprUIeCKUX
KOOPIMHAT, KOTa METPMKAa Ha YeThIpEXMEPHOM cdhepe

ToM 509 2023
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VHIYIAPOBaHA €BKIMIOBON METPUKOM BCEOOBEMITIO-
11IeTO MSTUMEPHOTO IIpocTpaHcTBa (k() = 1), Wiu Ko-
IJa METpMKa Ha YeThIpeXMepHOIi chepe MHAyLIMpOBaHA
METPUKOM CHELMAaIbHOTO CUJIOBOIO IIOJIS TIpU Halu-
YU HEKOTOPOM TIpyImbl cuMmMeTpuii (k(0) = cosdl)
(3amauu Kiacca (a)), omHorapaMeTpuyeckas CUcTe-
Ma, MOYTU BCIOIY SKBUBaJICHTHAS YPaBHEHUSIM I'eO-
JIe3NYEeCKNX W MMeIas nepBble mHTerpanbl (7)—
(10), mpuMeT cleayIounii BUI;

2, COS O 1
:_(Zl+z2+z3) —5 >
sino 1+, sin” o

a’. = _Z4,

- cos QL 1
33 = 3334 — ST
sino ]+, sin” o
2, k(or) cos B, 1
sinosinBy |1+, sin o
cos ol 1 _
sinou 1 + W, sin’ o
k@ cosB 1
33 . . 2 -
sin o sin B, \/1 + U, sin” o
2 k() 1 cosP, 1
E i ; - 2 7
sin asin B, sin 3, \/1 + 1, sin” o
- cos 1
= 4% — .2
sino ]+, sin” o
k(o) cos P, 1
sin o sin Bl \/1 + W, sin2 o
k(o) 1 cosf, 1
sin asin B, sin 3, \/1 + 1, sin” o
k(oc) 1
s1noa\/1+u1 sin o
k(o) 1 1
2 ] .2 7
SanLSlIlB] \/1 + W, sin” o
k(oc) 1 1 1
'sin asin B, sin B, \/1 + 1, sin® o

Ilpumep 3. B ciydae 4eTbIpeXMEPHOIO MPOCTPaH-
ctBa JlobaueBckoro B Mmoaeau KieitHa (3amauu Kiac-
ca (B)), yeTbIpexnapaMeTpuiecKkas cucTemMa, Io4Tu
BCIOZy 9KBUBaJICHTHASI ypaBHEHUSIM TeOe3UYeCKUX

2B’ =B -B) =0

“ D e B

Br__OLBr_O’ r=
o

n uMeromasa nepsbie nHTErpansl (7)—(10), mpumer
(63 (147 (03111707 83701 8

+ (Zl2 2)

L = %

— 33 +

+ 212

B, = -

> l"l’le R

o — l (OC.
o

1,2,3,

o = Z4l,0,
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2 2 2
2 o 2 o 2 o
: Wy -7 Ly _z Ly

2 2 1 P
o+l o+ U3 o+ Uy
2 2
o . o
Z3 _Z3Z4 Ml 5 Z2=Z2Z4 tll ,
T, o+ Uy
2
Zl = 3% H >
o’ T Hy
2 2
Bl :Z3L B;:ZZL
2 ’ 2 >
VOU + I, VO + Uy
2
U L
Bs =3— —> M.,y € R
o+ Uy

2. ViaBapuaHTbl NOTE€HOHAJBHBIX cHcTeM. He-
cKoJibko MoaudunmpyeM cuctemy (1), (3), BBoas B
Hee KOHCEpBaTUBHOE IIaJIKOE CUJIOBOE T0JIE C aJiIu-

TUBHBIMU KoMmmioHeHTamu Fiy(a), F(B,), F(B,) ¢ no-

teHuuaaom (12), cM. nanee. B mpoekiusx Ha ocu z; ,
k=1, ..., 4, cunoBoe 110je OyIeT UMEThb CISAYIOLINe
KOMOWHUPOBAaHHbIE KOMIIOHEHTbI, COOTBETCTBEHHO:

FB) /(008:B)AB,), HB)A@B), FHB)filo,

F,(o) f4(ov). PaccmaTtpuBaemas cuctema Ha KacaTesb-

HOM paccinoeHun TMYz,, 23,25, 215 Py, By, B;} mipu-
MET BUL

o =z, /4(),

% = Fi0)£(0) = f3(0)] Taa(@B) + Dfi(e) |5 —

ARG o £ > r
100 I'(o B)3 ﬁ;() (B)zz(aﬁ)zz

?34((0()) 2(Bl)h (Bz)rs3(a B)Zla

z = A — f(0)] 2Ti(0,B) + Dfi(0) | 232, —

j; ((a)) Z(Bl)rn(a B)Zz

f;i ((0‘)’ 2BOR BBz

2 = BEB)A()gB) -
— Ju(0)] 2T55(0u B) + D) |22,

— f(@)] 201y(0,B) + Dei(B) | 22 -

(1)

f3 () & (Bl)h I
7@ 2.B,) (529) 33(0c B)Zl 5

7 = F(B3) f5(002:,B)AB,) —
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— /()| 2055(0,B) + DA() | 212, -
— f@)[ 2030 B) + D& B) 1z —
— f()g(B)] 2050 B) + DB, | 212,
B =zfi(@), By =2znhma@B),
By = 2B )H(B,),

1 OHa IMOYTH BCIOAY 3KBUBaJICHTHAa CJ'ICIIYIOH.[Cﬁ CHu-
CTEME!

o — Fy(o) £ (0) + Tgq(0uB)oc? + T (o BB, +
+ T B)By” + TS5 B)By” = 0,
B — F(B))S () + 2T (0 B)orB; + T BBy +
+ Tis(a, PR3 = 0,
By — F(B,).f5 (0087 (B)) + 2T g(0 B B; +
+ 275 (0L B)BIBS + T3:(0u BB = 0,
By — F(B:).f5 (0085 B)A (B,) + 2T g0t Boc By +

+ 205 BRI + 2055(0u B)B;B; = 0

Ha Kacarc¢JbHOM pacCCIOCHUU

o, 31’32763}'

Teopema 2. Ecau evinoanenst ycaosus (4)—(6), mo
cucmema (11) obradaem noaunvim HaboOpom, COCMOAUUM
U3 NAMU NEPBvIX UHMe2panos euoa:

TM4{Z47 Z3, ZZD zl;

2, 2, 2
D (23,2, 250L.B) =z + 25 + 25 +V(,B) =
= (| = const,

V(o) = V(o) + V(3 + ViBy) = (12)
o By B>
- —2j Fy(a)da - 2j E(b)db -2 j F,(b)db,
O Bro Bao
a makxce npu F,_, (B,) =0, k=1, 2, 3, — nepsvix un-
meepanos (8)—(10).
bonee moeo, nocre nexomopoeo ee npusedenus (3a-
MeH He3agucumoli nepemennoil d /dt = f,(a)d/dT u ¢a-

2 2 2
308bIX Wy = 74, Wi = In|wy|, wy =z +25 + 75, wF =
2
ws+\/1+ws‘, s =1, 2, w,=2/7,

2 2 o
= z3/N7 + 25) pazoswiii nomok cucmemnt (11) coxpa-
Haem obsvem Ha KacamenvHom paccaoenuu TM*, m.e.
coxpausiemcs Oughpepenyuanrvrhas opma Gpazoeoeo
obsema

dw, A dwi A dws A dwi A do A dB; A dB, A dps.

3. luBapuaHThl cUcTEM ¢ auccunanueii. Janee He-
CKOJIbLKO MoauduimpyeM cucteMy (11) mpu ycioBu-
ax  (4)—(6), a TakxXe, I MOPOCTOTHI, MpPU

=In

wl =

NOKJIAIbI POCCUMCKOMN AKAJJEMUU HAVK. MATEMATUKA, MH®OPMATHKA, TTPOLIECCHI YITPABJEHMUS

F,_,B,)=0,k=1,2, 3, BBoIs B Hee TIAAKOE CUIIO-
Boe TIoJie ¢ muccumnanueit. Ee Hammame (BoooO1ie ro-
BOpsI, 3HAKOTIEPEMEHHOIT) XapaKTepu3yeT He TOJIHLKO
Koo puumeHt bd(o), b > 0, B MepBOM ypaBHEHUU
cucteMsl (13) (B oymmunme ot cuctemsl (11)), Ho 1 cite-
JIYIOIIasl 3aBUCHUMOCTD (BHEIITHET0) CUJIOBOTO TT0JISI B

MPOEKIIUSX HA OCH 7, k = 1, ..., 4, COOTBETCTBEHHO:

1 1 1 1
uF (o), 2 F (), zF (o), Fy(o)fa() + z4F, (o). Pac-
cMaTpuBaeMas CUCTEMa Ha KacaTCJIbHOM paccCjloC-

wuu TM*zy, 23, 25, 215 0L B1, B2, B3} mpumer Bun

o = z,/4(0) + bd(),

2
% = Fi()f0) - D% a2 -

Ja(00)
2
- %g%& % (0, B,)2 —
2
= L) 2B BT (0B B2 + 2 FL (),
Ja(00)
% = —£,(0)[2T(00) + DF (0)] 2324 —
— f)g’ BBz —

— [ B BT3B Bz + 2 F (o),
2 = —fo(@)[2T,(0) + Df (V)] 224 —
— f(@)[20,B) + DgB)] 202 —
— F)gBIE BT3B + 2,F (00),
7 = —fy()[20 (o) + Df (V)] 124 —
— f(@)[2T,(B,) + Dg(B)] 212 —
= f(0)g(B)[2T5(B,) + DhB,)] 212, + 7 F (),
B =zf(@), By=znf(0)gB),
By = 2./ (@gB)AB,),

M OHa ITOYTH BCIOAY 3KBHUBAJICHTHA CﬂeﬂleLLleﬁ cu-
CTEME!

(13)

o — {b&(0r) + Fy () + B0 e (00}t —
— Fy(00) £/ (@) + bd(00) Fy () + Tg (o) +
+ T(B;* + T3 BB3” + TS0 By, Bo)B3” = 0,
B —{F' (o) + b3() [2T, () + DF ()]} B; +
+ 20 (o By + Ty (B)BY” + Tis(Bi, Bo)Bs” = 0,
By —{F'(a) + b3(e0) [2T (o) + Df ()]} B +
+ 2T (et By + 215 (B)BIB; + T5:(B)B3” = 0,
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By —{F' (o) + b3(an) [2T", (or) + Df ()]} B5 +

+ 20 (oo B + T (B)BBs + 215(B,)BiBs =0,
(o) = dd(ov)/do,

paccioernu TM *{o’, By, By, Bi; 0, By, Ba. Bs)-

151 TIOJTHOTO MHTETPUPOBAHUSI CUCTEMbI HEO0XO-
IUMO 3HaTb, BOOOIIIE TOBOPSI, CEMb HE3aBUCUMBIX
TEH30PHbIX MHBapruaHTOB. OmHAKO TOC/Ee Clenylo-

meil 3aMEeHbl TEepPeMeHHBbIX W, =Z,, W3 =

_ [2 2 2 2 3
== Zl +Z2 +Z3,W2: ,W1= )
2 2
< Vo t 2

pacramaeTcs ClenyolnuM o0pa3oM:
o = wy fi(0) + b3(aw),

(@)

Ja(o)

Ly(o)wsw, + W3F (),

Ha KacaTCJIbHOM

cuctema (13)

wy = Fy(0) fy(0) — T (ow; + w,Fy (o),

%_f()
Al

w; = Ewi1+w £()gB) [205(B,) + DAB,)],
B, = ()2 f(@eB),

(14)

(15)

1+w2
wi = (D)wsy1+wl F()[20,(B,) + DgB))],

B = ()2 f(0), (>-D

1+w1

y = () ——2— f(o)g(B)h(
Ba m g Bl Bz

BunHo, 4TO 1JIs1 TOJTHOM MHTETPUPYEMOCTH CHUCTE-
MbI (14)—(16) 1OCTATOYHO yKAa3aTh JBa HE3aBUCUMBIX
TeH30pPHBIX MHBAPUAHTHI CUCTeMBI (14), mo omHOMY —
st cucteM (15) u (15-1) (MeHsIsT B HUX HE3aBUCUMBIC
IepeMeHHbIE), U JOIIOJTHUTEILHBII TeH30PHBII NMHBA-
puaHT, “mpuBS3bIBatolnii” ypaBHeHue (16) (T.e.
BCETO IISITh).

Bynem takske mpenmnosarath, YTo 411 HEKOTOPOTO
K € R BBINOJHEHO PaBEHCTBO

(16)

LN dl A, Ay =29 7
f4()4() n|A(o), ()f4()
a ISt HEKOTOPBIX xﬁj, kl € R BBHITIOJIHEHBI paBEeHCTBA
d A’ (o)
Fio)=13-L 270 Fl(0) = KA -5 A,
s=1,...,4.

3nech F' (o) = F(0) = F (o) = F'(0)), T.e. A = Ay =

1
=A; = AL VYcnosue (17) HasoBeM “reomerpuye-
ckuM”, a yciaoBus u3 rpynmsl (18) — “sHepreTuye-
CKUMU”.

JOKJIAJIbI POCCUMCKOW AKAJEMUU HAVK. MATEMATUKA, UH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUS

VYcnoBue (17) Ha3BaHO TeOMETPUYECKUM, B TOM
qlclie MOTOMY, YTO HaKJIaAbIBAeT YCIOBUE Ha IMPUBE-

JIeHHbI Ko3dduuueHT cea3Hoctu I,(0), MpuBOIs
COOTBETCTBYIOIIME KO3(PPUIIMEHTH CUCTEMBI K OI-
HOPOJHOMY BHIY OTHOCUTEIbHO GYHKIUU A(Q).
YcenoBus xe rpynnbl (18) Ha3BaHbBI SHEPreTUUECKU-
MU, B TOM YMCJI€, IOTOMY, YTO CHJIbI CTAHOBSITCS, B
HEKOTOPOM CMBICJIE, “ITOTeHIIUAJILHBIMU” 1O OTHO-

LIEHUIO K GPyHKUIUSIM Az(oc) /2 1 A(Ql), IPUBOIS COOT-
BETCTBYIOIINE KO3(PPUIIMEHTHI CUCTEMBI K OTHOP O~
HOMYy BuAy (OmsATb XK€ OTHOCUTEIbHO (YHKIIUU
A()). ITpu aToM cama yHKUMS A(QL) U BBOAUT B CU-
CcTeMy AVMCCUTIAIIUIO Pa3HbIX 3HAKOB.

Teopema 3. Ilycmo evinoansromes ycrosus (17) u
(18) na enewnee cunosoe nose. Toeoa cucmema (14)—
(16) obradaem namvio He3a8UCUMBIMU, B000LUE 20805,
mpancuyendenmuovimu [12, 13] nepevimu unmeepasamu.

B ob1iem ciayuyae mepBble MHTErpajibl BhITTUCHIBA-
IOTCSI TPOMO3KO (IMMOCKOJIbKY TTPUXOAUTCS UHTETPU-
poBaTh ypaBHeHue Abens [12]). B wactHocTH, ecnu

1 1 o
K =-1, A =A,, IBHBI BUI KJIIOYEBOTO ITEPBOTO MH-
Terpaja TakoB:

oy [ W)

G“W%w_qgmmwj

_ L@y + w) + (b = Mw,S(0) fi() —
w30(at) (o)

= (| = const.

1
15

IIpy 3TOM JONMOJHUTEIBHBII ITEPBbIA MHTETpaj
st cucteMnl (14) mmeeT cieayromuii CTpyKTYPHBI
BU;

' B W3
O,(wy, w3;0) = G ( ( )A( )A(Oc)j

= C, = const.

(20)

[1epBoie uHTErpasl ot cucteM (15) u (15-1) Oy-
IyT UMEThH BUIT

. 1+ ws2
®s+2(wss[3s) = = Cs
¥, (B,)
o dyukumsax W (B,), s =1, 2, cMm. (9), (9-1). A nomnosn-
HUTEIBHBIN IIEPBBIA MHTErpa, “IIPUBSI3bIBAIOIINIT”
ypaBHeHue (16), HaxoguTcst mo aHanoruu ¢ (10):

s =12, (21)

47 = const,

Gy

65(B23B3) - B3 .[ m
3 2 4

= (s = const,

(22)

rae, IoCie B3STUs MHTerpaia (22), BMECTO MOCTOSH-
HbIX C;, C4 MOXHO TIOJICTABUTh JIEBbIE YaCTH MEPBBIX
uHTerpayioB (9), (9-1) cooTBETCTBEHHO.

Breipaxkenue ¢pynkimii (19), (20) yepe3 KOHEUHYIO
KOMOWHALIVIO 3JIEMEHTAPHBIX (PYHKIIWI 3aBUCUT U
oT siBHOrO Buaa GyHkiuu A(ot). Tak, HampuMmep, Ipu
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1 1 o o
K =-1, A = A, JOTIOJHUTEJIbHBII MEePBbIii MHTETPaT
cuctembl (14) Haiinercs uz nuddepeHInaTbHOTO CO-
OTHOIIECHUS

din|A) = LF by o, W
U,(Cy,uy) A(a)

Uy = =3 Uy(uy) =t} + (b= Ny = A,

T Ao)

Us(Gottg) = 20,(w) = G {G £4CF =40 @)} /2,
C, #0.

ITpaBas yacTb JAHHOTO COOTHOILIEHUS BbIPAXKAETCS Ye-
pe3 KOHEYHYI0 KOMOWHAIAIO 3JIEMEHTApHBIX (DyHK-
1I1id, a JieBasi — B 3aBUCUMOCTH OT (hyHKIIMU A(QL).

Teopema 4. Ecau ons cucmem éuda (14)—(16) ebi-
NOAHSIOMCS 2COMEMPUUECKOe U FHEepeemu1ecKue ceoli-
cmea (17), (18), mo y nee maxce cyuwecmayrom QyHk-
UUOHANBHO He3asucumble Mmexcdy coboil caedyioujue
nAMb  UHBAPUAHMHLIX OughgheperyuanvHbix Gopm ¢
mpaHcyeHOeHMHbIMU (8 CMblCAe KOMNACKCHO20 AHAAU-
3a) Kosgpuyuenmamu:

P1(wy, w3, 0)dwy A dwy A da,

P1(wy, wss0) =
2 2 1 0
= exp{(b+7ul)J. du, }“4 +u + (=M, _k4;
Uy (Cy,uy) Uy
P, (Wy, w3 0)dw, A dws A da,
Po(Wy, W 00) =
du (b+uy)duy | .
= A(OL) exp {(b + 7\.1) —4} exp {_ —4}’
J.U2(C1a”4) '[ U,(C,uy)

1
Pors (Wi By) = ﬁdws A dB; (nocae 3amenst Heza-
1+ ws2

sucumblx nepementuvix 6 cucmemax (15), (15-1));

p5(W4,W3;OL, B]JBZ)B3)dW4 N
A dwy AdondB A dB,y Adps,

Ps(wy, w3 0,31, B,, Bs) =

— 1 du, )
= exp{(b e Cl’u4)} O5(B:.B),

Ho 3asucumble ¢ nepevimu unmeeparamu (19)—(22).

15T TIOITHOM MHTEeTpUpyeMOCTH crcTeMEBI (14)—(16)
MOXXHO WMCIOJTb30BaTh WM IIATH TIEPBBIX MHTETPAJIOB,
WIN TISITh HE3aBUCUMBIX UG PEepeHIIMAIBHBIX (POpM,
WIM KaKylo-TO KOMOWHAIUIO (TOJIbKO HE3aBUCHUMBbIX
3JIEMEHTOB) U3 MHTETPAJIOB M (DOPM OOIINM KOJIHYe-
CTBOM TIISITb.

O cTpOeHUY TTepBbIX UHTETPAJIOB IJISI pacCMaTpu-
BaeMbIX CUCTEM C JUCCHUIIaLMeil cM. Takxke [5, 14].
3amMeTnM, 4TO IS CUCTEM C JMCCUITALIME TpaHC-
LEeHIEHTHOCTh (PYHKIIMI (B CMBICIIE KOMILJIEKCHOTO

NOKJIAIbI POCCUMCKOMN AKAJJEMUU HAVK. MATEMATUKA, MH®OPMATHKA, TTPOLIECCHI YITPABJEHMUS

aHajM3a — HaJIn4us CyIlIECTBEHHO OCOOBIX TOUEK MO-
cJie TIPOAOJIKEHUST (PYHKIIMI) KaK TEH30PHBIX MHBA-
pMaHTOB HacJeAyeTCcsl M3 HaxOXIEHUSI B CUCTEMeE
MPUTATUBAIOLINX WX OTTATKMBAIOLIUX (ACUMIOTOTH-
YeCKUX) MpeaesibHbIX MHOXeCTB [13].

B 3akitoueHre MOXHO coclaTbCs Ha MHOTOYMC-
JIeHHble mpujiokeHus [14], Kacawoliuecs: UHTeTpU-
pOBaHMSI CUCTEM C IuccUMalvei, Ha KacaTelbHOM
pacciIOeHUU K YeThIpeXMepHoi cepe, a Takke 00-
Jiee OOIIUX CUCTEM Ha PACCIOEHUM YEThIPEXMEPHBIX
MOBEPXHOCTEM BpallleHUsI U MpocTpaHcTBa JIobaueB-
ckoro (cMm. Takxke [14—16]). I1pu 3TOM U3 BCETO KO-
JIOCCaJIbHOTO MHOXECTBa pabOoT MO TeOMETPUYECKUM
U TOTIOJIOTMYECKMM acleKTaMm, CBSI3aHHBIM C pac-
CMaTpUBaEMbIM MHTETPUPOBAHUEM CUCTEM, BblIe-
JIUM Takxe paboThsI [17, 18].
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INVARIANT VOLUME FORMS OF GEODESIC, POTENTIAL,
AND DISSIPATIVE SYSTEMS ON A TANGENT BUNDLE
OF A FOUR-DIMENSIONAL MANIFOLD

M. V. Shamolin®

¢ Lomonosov Moscow State University, Moscow, Russian Federation
Presented by Academician of the RAS V.V. Kozlov

Complete set of invariant differential forms of phase volume for homogeneous dynamical systems on tangent
bundles to smooth four-dimensional manifolds are presented in this paper. The connection between the pres-
ence of these invariants and the complete set of the first integrals which are necessary for the integration of
geodesic, potential and dissipative systems is shown. At the same time, the introduced force fields make the
considered systems dissipative with dissipation of different signs and generalize the previously considered

ones.

Keywords: dynamical system, integrability, dissipation, transcendental first integral, invariant differential

form
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