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B nanHOM coo0111eHMM pa3BUBaeTCsl TEOPUsl MaJIbIX COKpALleHUI [JIs1 aCCOLIMaTUBHBIX alaredp ¢ 6azucom
13 00paTUMBIX 3JIEMEHTOB, 3aJaHHBIX 0OPa3YIOIIMMU U OMPEAEISIOIIMMU COOTHOIIeHUsIMU. M3yvatoTcs
dakTop-anredpsl rpynnoBoii aaredopbl CBOOOIHOM IPYMIIbI, BBOISITCS TPU aKCUOMBI JJIsl OTIPEAEISIONINX
COOTHOIIEHW, KOTOPBIE BHIPAXKatOT CBOMCTBO MaJIbIX COKpAILIEHU 1JIs1 KoJiell. ABTOPBI TOKa3bIBAIOT, UTO
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B nanHOIT paboTe MPUBOIUTCS aKCUOMATUYECKOE
oIpeaeaecHe KOJIbIIA C MaJIbIMU COKPAaIlleHUSIMU, 3a-
JTaHHOTO OOpa3yIOIIMMU U ONPEaSISIIOIINMUA COOT-
HomeHusIMu. DopmympyeTcst TeopeMa O HETPUBU-
aJIbHOCTU KOJIbIIa C MAaJIbIMU COKpaIlleHUSIMU (CM.
Teopema 1). IloHOe mOKa3aTeIbCTBO 3TOTO PE3YJib-
TaTta 3aHuMaeT okoJjio 300 c. 1 ero ImpeaBapUTEIbHOE
M3I0XEHNE TIPENCTaBICHO B IIpeTnpuHTe [3].

1. OITMCAHMUE ITPOBJIEMbI

Cruenyomuii BOIIPOC IIPEACTaBISIET HECOMHEH-
HBII mHTEepec: Ecnm B3amMomeiicTBUS MEXIy onpe-
JIEJISTIOIIMM COOTHOILICHUSIMMU SIBJISIIOTCS CIa0OBIMU B
OIpelIeICcHHOM CMBICJIE, OyAeT I ITOJdydeHHasT ai-
redbpa ob6iamaTh HEKOTOPHIMHU CBOMCTBAMM CBOOOI-
HoOI1 anreopsbI?
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B ciyyae rpymir, noayrpyrmn 1 MOHOUAOB TeOpHst
MaJIbIX COKpAIlleHUI JaeT TMOJIOXKUTEIbHbIM OTBET
(cm. geranu B [10, 17]). OmHako IIOCTpOEHUE TaKOit
TEOPUU JJid CUCTEM C HECKOJIbKMMM OIlepalusiMu
CTJIKMBAETCSl CO 3HAUYUTEJbHBIMU TPYIHOCTSIMU.
OO0111as TeopHsI aCCOLIMATUBHBIX KOJIEL ¢ 0a31COM U3
00paTUMBIX BJIEMEHTOB, TIpEeACTaBIeHHas B 3TOU pa-
0oTe, ObBIJIa TIOCTpOEHA IOCJe M3YYEHUS YaCTHOTO
cliy4yasi, KOTOpbIii paccMoTtpeH B [2]. Teopema 3 11o-
Ka3bIBAET, UTO KOJIbIIO, BBEIEHHOE B padorte [2], s1B-
JISIETCSI YaCTHBIM TIPUMEPOM KOJIblla C MajibIMU CO-
KpameHusiMu. Ero KOHCTpyKIIvsl mpeACcTaBisieT CO-
00l MmepBbIil 1IAr Mpoliecca MOCTPOEHUsI KOHEUHO
MOPOXIEHHOTO Teja (COOTBETCTBYIONILYIO MPOOIEMY
nocraBumi, B4yacTtHocTH, A. I. Kypo), mpuueM 3mech
CUTYyallMs 10 CPAaBHEHUIO C TPYIIIOBBIM CJIy4aeM Iy~
0OKO HETpUBHAJIbHA.

Haira MotuBauus ucxoaut u3 Toro ¢akra, 4To
Teopusi TPYMII C MaJIBIMUA COKpAIIEHUSIMU U, OCOOEH-
HO, UTEpUPOBAHHAs TEOPUS IPYIII C MAJIBIMU COKpa-
meHus MU (moctpoeHHass HoOBUKOBBIM M A#STHOM
Mpu pelieHun IpoodiieMbl bepHcaiina) urpaer ras-
HYIO POJIb B PEIIEHUM MHOTUX KJIACCUYECKUX 3amay
TEOPUHU TPYMIl. DTa Teopusi oOecreurnBaeT MOIIHBIN
METO/I TOCTPOEHMUS TPYIIN C HEOOBIYHBIMU U 1aXKe K-
30TMYECKMMU CBOMCTBaAMU, TAKMMU KaK, HAIIpUMeD,
OeckOoHeYHBIe OepHcalimoBcKue rpynmnsl [12, 1, 15, 8,
11, 4], mouctp Tapckoro [14], KOHEYHO MOPOXKIECH-
Hble OECKOHEYHBbIE OeJIMMbIC TPYIIIbl [7] 1 MHOrue
np. [13]. AKTyanbHOI SBIsSIeTCS pa3padOTKa aHalo-
TUYHOTO METOJIa B TEOPUH KOJIELL B 1LIEJISIX KOHTPOJIS
HaJ COOTHOLIEHUSMU. MBIl UMEEM B BUILY, YTO MHO-
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e OOBEKTHI CTPOSITCS C TIOMOIIBIO €CTECTBEHHBIX, B
paMKax 3IpaBOr0 CMbICJA, CUCTEM COOTHOIICHMUIA.
TpyaHoCcTH 3aKIOYalTCS B TOM, UTOObI HE ObLIO
JIIITHUX CIIEICTBUU 3TUX COOTHOINCHMI, B YACTHO-
CTU OOBEKT HE CTaJl TPUBHAJIBHBIM. MBI OXHUIIaeM,
YTO IIpeaiaraéMoe MOHSTUE MOXET OBITh MCIIOJIb30-
BaHO, HAIIpUMeEp, I TIOCTPOEHUS KOHEYHO TTOPOXK-
JIEHHOTO TeJia, a TaKXKe aHajora MoHcTpa Tapckoro u
00o61eHus TeopeMbl beprmana o LieHTpanu3aTope,
B TOM YWCJIE U IS TPYHIIIOBOI anre0phl CBOOOTHOM
TPYIIIHI.

Knaccuueckuit meton HoBukoBa—AnsiHa peliie-
HuUs 1pobieMbl bepHcaiima [12, 1] (a Takke mocTpo-
eHus1 MoHcTpa Tapckoro — rpymrbl MOPOXAEHHOMN
JIIOOBIMU IByMSI CBOUMM HEKOMMYTUPYIOLIUMU 3JIe-
MEHTaMM) OIMUpAaeTCs Ha CJIOXHYIO WHIYKIIUIO IO
paHry ¢ O0JILIINM KOJINYECTBOMUHIAYKTUBHBIX MPEI-
MOJOXEeHU . JIBMXKyIIei cuioit 3Toro MeToaa siBJisi-
€TCsI TO OOCTOSITENBCTBO, YTO PA3JIUYHbBIE TIEPUON-
YEeCKME CJIOBA OMHOTO paHra C MEePUOTAMM CXOXKEN
JUIMHBI UMEIOT Majlyto o0lIyIo YacTh. bosee Toro, co-
OTHOIIIEHWSI OMHOTO pPaHTra TMOCJE CHEeUUATIBHOTO
MPUBENECHUST MaJIO0 B3AUMOIEUCTBYIOT APYT C IPYTrOM
110 MOJIYJII0 BO3MOXHBIX TPeoOpa3oBaHUI MJIaIIIINX
paHTroB. DTO COOTBETCTBYET 00OOIIIEHHOMY YCIOBUIO
MaJIbIX COKPAIIEHWI, YTO MO3BOJSET CAENaTh IIar
UHAYKIKM. OTMETUM, 4YTO IIOHSTHE IIOBOpOTa B
JIAaHHOM paHTe, UCMoJb3yeMoe B pabote HoBukoBa u
AnsHa, TIOCIYXKUJIO OTIIPaBHOM TOYKOM IJIsi HAIIEro
0a30BOT0 MOHSTUSI MYJIBTUIIOBOPOTA (CM. oIpeaesie-
Hue B naparpacde 2.2 TaHHOM CTaTbu, TaKKe B pabo-
Tax [2, 3]).

AHaJIoTMYHBIC TPYOHBIE MPOOJIEMBI XOPOIIO W3-
BECTHBI M B TEOPUU KOJEll, OMHAKO COOTBETCTBYIO-
IIET0 YHUBEPCAJIbHOTO MOAXO0Aa JJISI HUX IT0Ka He Cy-
mecTByeT. MBI mpenmnojaraeM, 4TO0 UTEpPUPOBAHUE
Hallleil KOHCTPYKIMHU MOI00HO TOMY, KaK 3TO jeja-
eTcsI TIPU pellieHUH IIpobieMbl bepHcaiina, mact muc-
KOMBII1 METOM, 151 ITIOCTPOESHUS KOJIEI U aCCOLIMaTUB-
HBIX aJre0p ¢ 3alaHHbIMU cBoMcTBaMU. JlaHHas pa-
0oTa COOTBETCTBYET CJIy4al0 MaJIbIX COKpAIleHWIA,
T.€. CIy4yalo KOrJa paHT TOJbKO omavH. B yacTHOCTH
Hallla KOHCTPYKIIMSI MOXET ObITh MEPBbIM IIIaTOM B
MMOCTPOSHUN KOHEYHO-TTOPOXKICHHOTIO TeJIa.

B HacTos1ee BpeMst HEM3BECTHO, KaK ¢ accolua-
TUBHBIM KOJIBIIOM CBSI3aTh T€OMETPUUECKUIT OOBEKT.
ITporpammy I'pomoBa “I'pynIibl Kak TeOMETpUYECKUE
00BeKThI” [5], cM. Takke [6], peaBapsieT KOMOMHA-
TOPHBIN TI0OX0n. B rpynmoBoM ciaydae KOMOMHATOP-
HbIM OOBEKTOM, OTBEYAIOIIUM TUNEPOOTUIECKON
IPYIIIe, SIBJISIETCS TPyIINa ¢ MaJbIMU COKPAIICHUSIMUA
(ecm Kaxa0e COOTHOIIIEHNE TIPEACTABIISIETCS IIPOU3-
BeJICHUEM He MeHee 7 MaJIbIX KYCKOB). MBI HajeeMcst
IIOCTPOUTH OIpeaeeHue “TUIIePOOINIECKOro KOJIb-
a”, HauMHas ¢ pacCMaTpUBaeMbIX B HACTOSIIIEH pa-
0oTe KoJiell ¢ MaJIbIMU cokpalneHusMu. Eciu Oynet
JIaHO OIIpeAcjeHNe TUIepOOJIMIECKOro KoJblia, TO,
10 BCEM BUAMMOCTHU, pacCcMaTpUBaeMble HAMU B 3TOM
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CTaThe KOJIbIIA C MaJIbIMI COKpAaIllecHUSIMU OyOyT Ta-
KMMU KojJablLlaMU. MBI mpearojaraeM, 4To IPYTUM
YAaCTHBIM CJIydaeM JOJIKHEI CTaTh I'PYIIITOBEIE KOJIbIIA
TUTIEPOOIMIESCKUX TPYIIII.

EcTecTBEHHO TIPEANONOXUTh, UTO ITPU HajIekKa-
IIeM OIIpeNeIeHUH KpydeHUsI B KOJIbLIEBOM clIydae
IMOCTPOCHHBIE KOJIblla 6€3 Kpy4eHUs JOJLKHBI UMETh
MajIyl0 KOTOMOJIOTUYECKYIO Pa3MEPHOCTh U OTHO-
MEpHbIE ILIEHTPAJIM3aTOPbl BJIEMEHTOB, 00JanaTh
CBOMCTBOM HeaMeHabeJbHOCTU U MMETh TOJIOXU-
TeJIbHOE pelleHue npobiaeMbl KarmraHckoro o aeiu-
Telisgx HyJsl. Pa3BuTHe uTepaTUBHOI TeOpUU MajbIX
COKpallleHUi MOXET OBbITh IOJIe3HO, B YAaCTHOCTH,
JIJTSI pellieHUs KJTACCUYECKOM ITPOOJIEMBbI TOCTPOEHUS
KOHEYHO MOPOXIEHHOTO TeJIa.

OtMmetuM, uyto moaxod A. CMOKTYHOBUY K KOH-
TPOJIIO 32 COOTHOLIEHUSIMH B KOJIbIAX IIPUBEJI K I10-
CTPOEHMIO IPOCTOT0 HUJIb-KOJIblIA M IPYTUX BaXKHBIX
NpUMEPOB HWIb-airedp, cMm., Hampumep, [18, 9].
DTOT IIOOXOI OCHOBAH Ha MAESX, OTJIMYHBIX OT Ha-
ILIMX, U HE CBSI3aH C TEOPUEN MabIX COKpALLCHUIA.

2. AKCMOMBbI MAJIBIX COKPALLIEHU
JJIA KOJIELL

2.1. Ipynnbi ¢ manvimu COKpaujeHUAMU

PaccMoTpum rpyrmny G, 3amaHHYIO 00Opa3yoIMT
U OMpEeNeNsIioNMMUA COOTHOLIeHUsIMU G = (X | R).
MpbI npearojiaraeM, YTo MHOXECTBO OMpeaesIsIIoInX
COOTHOIIeHW R 3aMKHYTO OTHOCUTEIBbHO LMKV~
YeCKUX IePECTaHOBOK U B3SITUSI OOPATHHIX U BCE DJIe-
MEHTHI U3 R SIBASIOTCS LIMKJINYSCKH PEayLIMPOBaH-
HbIMU. B3anmoneiicTBre MexXmy ONpeAcisOmIMU
COOTHOIIECHUSIMH OTIpENeIISIeTCS B TEPMUHAX MaJIbIX
KyckoB. CJIOBO s Ha3bIBAeTCS MaJIbIM KYCKOM IO OT-
HOIIIEHUIO K MHOXeCTBY R (B 0600ILEHHOM IPYMITO-
BOM CMBEIcCTIe, cM. [16, 10]), ecau cylIecTBYIOT COOT-

-1 -1
HOIIIEHUsI BUA 5K U Sk, B R Takue, 9to rir, # 1 U Kp,
He COMNpPsIKEH COOTHOIIEHUIO N3 R B COOTBETCTBYIO-
1Iei cBOOOTHOM TpyIIne, JaxKe IOCie COKpaIleHW.

3amMeuanue 1. [eoMmeTprueckn Majble KyCKU
MOXHO paccMaTpuBaTh Kak CJIOBA, KOTOPbIE MOTYT
MOSIBUTHLCSI Ha OOI1Ieii TpaHULIE MEXTY TIBYMSI KJIeTKa-
mu B guarpamme Ban Kammena [13, 10]. B gactHO-

-1
CTU, €CJIU KK, € %, TO MBI MOXEM 3aMCHUTH OTU
KJIE€TKMA OOHOM KJIETKOM. HOSTOMY C caMOro Haydajia

-1
MBI TIpeaIonaraem, uto #r, & R.

YcnoBue Manbix cokpaiieHuii C(p) 03Ha4aeT, 4To
KaxXmoe COOTHoIeHre B R He MOXET OBITh 3aIICaHO
KakK MpOU3BEJIEHUE MEHEE YEM p MaJIbIX KYCKOB. [lJist
OOJIPLLIMHCTBA LIEJIEN CEMU MaJIbIX KYCKOB JOCTaTOY-
HO, TOCKONBLKY nipu yciaoBuu C(7) mucKpeTHast 3iiie-
pOBa XapakKTepUCTHKA CTAHOBUTCS OTPULIATEIbHOM
[10]. YToOBI rapaHTUPOBATH 3TO, Mbl MOXKEM TTPEATIO-
JIOXXUTb, YTO IIJIMHA JIIOOOTO MaJIOTO KyCKa MEHbIIIe
OJHOM 1IE€CTOM AJMHBI COOTHOILIEHUSI, B KOTOPOM OH
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nosinsieTcsi. OCHOBHAs TeOpeMa TEOPUU MaJIbIX CO-
KpallleHUi MOXeT ObITh C(hopMyIMpOBaHa TakK:

Ilycte w;, w, — IBa CJIOBA, KOTOPBIE HE COAepXkKaT
BXOXIEHUN OoJiee TOJIOBUHBI COOTHOIUEHUNA M3 R.
OHU NIPEACTABIISIIOT ONUH U TOT 3Ke 2JIeMeHT U3 G Torma
¥ TOJIBKO TOTJA, KOTJa OHM MOTYT OBITh COSTMHEHBI OJI-
HocaoiHo# nuarpammoii [ 10, Jlemma I'punmmunarepal.
(B wacTHOCTH, TpyIIIIa C MaJILIMA COKPAILICHUSIMUA He-

TpuBHaibHA.) [lepexon oT w; K w, MOXeT OBITh Tpe-

Wi

w2

2.2. OcHosHble onpedenerus 015 Koney,

ITycts kK — mosne. Mbl OyneM 1coib30BaTh Majible
rpedeckre OyKBbI /11 HEHYJIEBbIX 3JIEMEHTOB MOJIS K.
ITycts % — cBOGOmHAg TpyIina, CBOOOIHO IMOPOXK-
JeHHas aidasuToM S. DiIeMeHThl % Ha3bIBAIOTCS
MOHOMaMU WU ciaoBaMu. O0o03HauUMM 4Yepe3 kF
TPYMIIOBYIO alre6opy. DieMeHTHI k% Ha3bIBaIOTCS TT0-
JuHoMamu. Ilyctb a,b € F, Yepes a - b o603HauaeM
X TipousBeneHue. Mbl nuieMm ab, eciav MeXay a v b
HET COKPAILICHUA.

ITycts UKCUpPOBAH KOHEUHBIM WM GECKOHEY-
HBI1 HA00p MOIMHOMOB R U3 kF:

n(i)
», :Zoc,.jmij|oc,.je kymye Fiel
Jj=1

R =

MpI npenmnonaraeM, 4TO MOHOMBI 11;; SIBJISIFOTCS PEILY -
IIMPOBaHHBIMH, TIOJTMHOMBI p; — aJIUTUBHO PEIyIIH-
pPOBaHHBIMU, /| — HEKOTOPOE MHOXECTBO UHIEKCOB,
BCe KOO(DPUIMEHTHI O; HEHYJICBBIE.

O6o3HauuM yepes (R) unea, MOPOXKICHHbBIN Kak
uneaa HabopoM R . O603HAYMM MHOXKECTBO BCEX MO-
HOMOB m; U3 R yepes .

Llenbio HacTolIelt pabOTHI SIBJISIETCST ONpeAeieHE
KJacca KoJIell ¢ MaJIbIMM COKpallleHHsSIMH. Takoe
KOJIBIIO MBI OyIieM TIpeACTaBisITh B Buae 4 = k% /(R),
M Hallle orpeneeHue oyaemM ¢popMyaupoBaTh B BUIE
Tpex ycIIoBuii (akcrom) Ha R (HabOp COOTHOIICHMIA)
¥ OyneM cunuTath R PUKCUPOBAaHHBIMU.

YcnoBue 1 (AkcruoMa COBMECTUMOCTH).

(i) Ecau p = Zocjmj e R, moPBp = Zﬁocjmj eR
J=1 Jj=1
ons a0boeo B e k,B # 0.
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CTaBJIEH B BUJIE MTOCJIEN0BATEIbHOCTH 3JIEMEHTAPHbBIX
I1aroB, Ha3bIBaeMHbIX IToBopoTamu [12]. Kaxnplit mmo-
BOPOT IMOBOPAYUBAET POBHO OJTHY KJIETKY.

Jns ymoOcTBa 4uTaTesT HUXE Mbl IPUBOIUM
MpUMEP OJHOCJIOMHON AMarpaMmbel, [ CJIOBO W, YU-

TaeTcsl Ha ee BepXHell CTOpOHE, CI0BO w, — Ha HUX-
HEM CTOPOHE, a KJIETKA — 3TO IPYIIIIOBLIE COOTHOIIIE -
HUY U3 CIUCKa N.

(ii) Ilycms x € S L S , ede S — aaghaeum, c60600-
HO nopoxcoarouuic F, p = ) om; € R. Ilpednoro-
j=1

U — nauanenuil cumeon kaxozo-mo m;.

AHCUM, UMO X~
Toeoa

n
x~p=Zocjx~mje R
j=1
(nocae coxpawenuii 6 monomax xm;). Moi mpebyenm,
Ymoobl AHAN02UYHOE YCA08UE BbINOAHAN0CH MAKJIce, ec-
Au x~' — nocrednuii cumeon MOHOMA U YMHONCEHUE HA X
6 nocnedHem pageHcmee — ¢ nPagoll CMoOpPOHbL.

M3 BTOpOrO ycioBusi aKCMOMBI COBMECTUMOCTH
HEMeIJIEHHO CJIeAYeT, YTO MHOXeCTBO J 3aMKHYTO
OTHOCUTEJILHO B3SITUSI IIOACIOB. B dactHOCTH, my-
CTOE CIIOBO BCeraa MpuHamIekurT JL.

OmpenennM ITOHSITHE MaJIOTO KycKa OTHOCUTEIb-
HO R B anredpe k% . OHO UrpaeT HEHTPATBHYIO POJIb
B Halllel TEOpUU.

Onpenenenue 1. Ilycts ¢ € J. IIpeamnono-
KWM, CYILIECTBYIOT ABa IMOJIMHOMA

n n
p =20cjaj +oae R, g =2ijj +Bbe R,
J=1 J=1
TaKHE UYTO ¢ ABJISAECTCHA ITOACIOBOM Ba U B b, T.C.
a= &1C&2, b = blcbz,

Tae 4, a,, by, b, BOSMOXHO SIBIISTIOTCSI TTYCTBIMMU.
IIpennomoxum, 4To

n
1 roa-l z A A
b1~a1 -p=b1-a1 . (Xjaj+OLalca2 =
=

n
A A
J=1

(maxe mocJie COKpallleHU ), UiIu
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n
A=l 7 A A A—1
p-a b= Eocjaj+0ca1ca2 “a, b, =
J=1

n
~—1 ~ A 7
= Zocjaj -a, by +oach,g R
=

(maxke rmociyie cokpaiieHuii). Torga MOHOM ¢ Ha3bIBa-
eTCsI MaJILIM KYCKOM.

O0603HaYMM MHOXKECTBO BCEX MAJIBIX KYCKOB 4Ye-
pe3 &. fAcHo, uto & C Jl. 3 onipenenacHUs Cleayer,
YTO MHOXECTBO 9 3aMKHYTO OTHOCHUTCJIbHO B3ATUA
MOACTIOB. B yacTHOCTH, eclii MHOXECTBO & HEemycCTo,
ITyCTOE CJI0BO Beeraa OyaeT MajabiM KyckoM. Ecim Ha-
60p ¥ okaszajics IyCThIM, TO MBI BCE paBHO I10JIaracM
IMYCTOE CJIOBO MaJIbIM KYCKOM.

Nyctbue M. Tormavmu =1, ---1,, toe l,...,1,, —
MaJlble KYCKU, WIN U HE MOXET ObITh MPEICTABIECHO
Kak Mpou3BeJeHe MajlbIX KyCKOB. BBenem Mepy Ha
mMoHoMmax u3 Jl (A-mepa). bymem rosBoputb, 4TO
A(u) = m, ecnv u MOXET OBITh IPENCTABJIEH KaK IPO-
U3BEJEeHNE MaJIbIX KYCKOB U MMHHUMAaJIbHOE BO3MOX-
HO€ YHMCJIO MaJibIX KYCKOB, B TaKOM MPEIACTaBIEHUUN
paBHsieTcs m. byaeM roBopuTh, YTo A(u) = oo, ecliu u
He MOXXeT OBbITh MpeACTaBeH KaK MpoOu3BeIeHE Ma-
JIBIX KYCKOB.

3acdukcupyeM koHcTaHTy T€ N, T > 10.

VYcnoBue 2 (AKcuMoMa MajbIX COKpalllEeHUI ¢
YCJIOBUEM T).

IIpednonoscum, umo py,..., p, € R uauneiinasn kom-
n

ounayus Z Y. Ds A8A5€MCs HeHYAeB0ll nocae npueede-
s=1

HUs NOOOOHBIX HAeHO08.

n

Toeda cywecmayem mMoHoMm a 8 Z Y, Ds C HEeHYAe8bIM
s=1
Ko3ghhuyuenmom nocae npusedeHuss NOOOOHbIX YNEHO8
makoii, umo:.

uau a He mModcem Oblmb npeécmaeﬂeﬂ KAaK npou3ee-
deHue manvix KYCKoe6,

unu Kaxcooe npedcmaesaeHue a 8 Kauecmee npous3ee-
deHusi Manvix Kyckoe codepiicum, no Kpaiinelli mepe,
T+ 1 manvix Kyckos.

To ecmo, A(a) = T+ 1, exniouan A(a) = oo.

n

Onpenenenue 2. Ilyctb p=20tjaje%.
Jj=1

Bynem Ha3piBaTb MOHOMBI a;,a;, 1<j,/,<n,uH-

HUOAEHTHBIMU MOHOMAaMU (BKIOYas CIydai

a; = a;). Hamomuum, uroa; # 0, j =1,...,n.

Tenepb Mbl BBOIUM MOCJENHEE YCIOBUE, HA3bIBA-
€MO€ aKCHMOMOW WM3OoJduu. B oTiumume oT aByX
MPENbIAYIIIUX aKCUOM, 3TO TMOJIHOCTbIO TEOPETUKO-
KOJIbLIEBOE yCJIOBUE. B HEM MBI MCTIOIb3YEM MOHSTUE
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MaKCUMAaJILHOTO BXOXAEHUS MOHOMA U3 Jl ¥ MOHSI-
THE TIePEKPBITUST BXOXKICHUIA.

Mpul paccMaTpuBaeM BXoxXaeHUsI a € Jl B cinoBo U,
T.. U = LaR, tne L, R MoryT ObITh ITycThiMu. Ilom
MaKCUMAaJIbHBIM BXOXISHHEM MbI TIOHMMAaeM BXOX-
JeHre MoHoMa u3 Jl, KOoTopoe He CONEPXKUTCS B
OoJbIIeM TaKoM BXOXAeHUH. OTMETHM, 9TO oOIIast
4acThb JBYX MaKCUMAaJIbHBIX BXOXICHUI Bcerna siBJisi-
€TCSI MaJILIM KYCKOM.

INepexpbiTrie BXOXIACHUI OIpeaeisieTcss Kak 00-
IIast 9aCThb IBYX BXOXIICHUIA.

TpeThst akcuoma HaKJaablBa€T HEKOTOPHIE €CTe-
CTBEHHbIC OTpaHNYECHMS Ha paCCMaTPUBAEMbIC KOJIb-
a. Mu1 BeIOpanu ee Haubojee ciaadyio ¢popMmy, YTO-
OBI OXBAaTUTh HanmboJIee MIMPOKMI KJTacC KOJell, 4TO
CYIIECTBEHHO YCJIOXKHUJIO OIpeIe/ICHUE.

VcecnoBume 3 (AKcnmoma WM3OJSIIMM, JieBas, C
yciioBueM 1). Ilycmo my, my, ..., m; — a0bas nocaedo-
eéamenvHocmb MoHOMo6 u3z M makaa, umo my # my,
A(m;))=21—-2 oaaecexi =1,...,d,

MOHOMbBL M UHUUOEHMHbI 0N 8cex
i=1..,d-1,

u ae M — aw0b60ii MmoHOM co caedyrowumu ceoli-
cmeamu:

1) A(a) 21t-2;

2) amy,am, ¢ M, amy, am, He umerom coKpaueHui;

u- m

3) m;, — makcumanvHoe 6xoxcoeHue 6 am,, m; —
MAaKcumanbHoe 8xoxcoeHue 6 amy;

4) ecau ap, — makcumanvHoe 8xoxcoexue 6 am, Ko-
mopoe codepcum a, ap, — MAKCUMANbHOE 8X0XCOeHUe
6 am,, Komopoe cooepicum a, mo Cyujecmeyrom MoHo-
motl, ' e M makue, umo

* [, ' — manvie kKycku;

*la,l'ae M, la,l' a ne umerom coxpaujeruil;

* cyujecmayem nocne0o8amenbHOCMb MOHOMO8 b,
weey b, u3 M marux, umo by = lap,, b, = 1" ap,, 01s écex
i=1,...,n — 1 monomot b;, b, unyudenmuoi, u A(b;) >1T—2.

;| 4 "

—

P1

/ a my

———

Pa

Tozda p,™" -m # p,~" - my.

IIpaBast akcroMa M3OJISILIMK C YCIOBUEM T (Hop-
MYJIUPYETCSI CUMMETPUYHO.

Onpenenenue 3. bymemM TroBopuTbh, 4YTO
A =kF/{(R) ectb C(T)-KOABILO ¢ MAaAJTBIMH
COKpalleHUSI MU, ECIIM OHO YIOBIETBOPSIET aK-
CHOME COBMECTHMOCTH, aKCMOME MaJjIbIX COKpallle-
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HUIA C YCIIOBUEM T U I10 KpailiHEeil Mepe OOTHOM U3 aK-
CHOM U30JISILIUU C YCJIOBUEM T.

Ecnmu mana rpymma G ={(X |R) u m = pge R,
w = Ipr, TOraa npeobpasoBanue w = lpr > lg ' r =w'
Ha3bIBaeTCSI TOBOPOTOM .

Mpbl 3aMeHsIEM IOHSITHE TPYIIIIOBOIrO ITOBOPOTA
IIOHATUEM KOJIBIICBOIoO MYJIBTHUIIOBOPOTA. Bosbsmem

n
Z o,m; e R, roe Bce o; # 0. [Ipeanonoxum, 4to v —
Jj=1
3TO MOHOM BuMIA V =/m,r 14 HEKOTOPOIro A,

n
1 < h < n. Ilepexon ot v = Im,r X Z (—Oc;]Ocj)lmjr
Jj=Lj#h
Ha3bIBAETCI MYJIBTUIIOBOPOTOM. DTO IIpeod-
pa3zoBaHUe MPOIOJIKaeTcs TMHeiHO Ha Bv, a 3aTeM
JIMHEHO Ha BCE MOJIMHOMBI, COIEpXKAIIEe MOHOMBI
n
Buna Bv. COOTBETCTBYIOIIUI TOJIUHOM Z o,lm;r
=1
Ha3bIBaeTCIPacKJjaaaKo ¥ JaHHOIO My.TIIj>TI/Il'IOB0—
pora.
IT p u M e p bI. B maHHBIX TprMepax IJIst IPOCTOTHI
paccMaTpuBaeTCs IPYIIIoBas ajiredpa Ha, IIoJIeM U3
JIBYX DJIEMEHTOB.

A. Tlpenmnonoxum v = lar u GepeTcsi TOJIUHOM
a, + a, € R. BaTOM cityyae Mbl IOJIy4yaeM Mepexos OT

ar K la,r B JIbTAT! TBETCTB mero MyJbTu-
layr K la, €3 aTe COOTBETCTBYIOLETO
IIOBOPOTA:!

ATKAPCKAA u np.

ap

aj

Ilepexon ot lar K la,r MOKa3bIBaeT, YTO IOBOPOT
MOXHO pacCMaTpuBaTh B KA4eCTBE YACTHOTO CITydast
MYJILTUITOBOPOTA.

B. Ilpennosoxum v = /ajr 1 6epercs MOJUHOM
a, + a, + a; € R . Torna Mbl IosTy4aem nepexon ot lar

K layr + la;r . Tpadprueckul 5TO BBIDISIAUT CJIEAYIOLIUM
obpazom:

as

aj

-1

C. Ilpeanonoxum v = lga,q r 1 GepeTcs MOJIU-

HOM ¢, + a, + 1 € Q. Torna cOOTBETCTBYIOIINIT MYJTb-
-1 -1

TUIIOBOPOT — 3TO NIEPEXON OT Igayqg r Klga,q r+1-r.

3aMeTuM, 4YTO MOoJie 3aMEHbI a; Ha 1, MOACI0BO ¢ CO-

KpalaeTcsc MoacI0BoM ¢~ . Pe3ynbTaT umeer cie-
IYIOIIii BU (ITyCTOE CJIOBO 1 HEe OTpaxkeHOo Ha pu-
CYHKE):

a

D. Ilpennonoxum v = labr n OepyTcst clenyro-

-1
111e MTOJIMHOMBI @; + a, + a3, u b + b, +1u3 R. To-

as

ai

roia UMCIOTCA ABa COCECAHUX MYJIbTUIIOBOPOTA: a; 3a-

-1
MEHSIETCSl HA a, + @35, W b, 3ameHseTcs Ha s,b, + 1.

by

a

IMpenroyioxxum, 4To cHaYaIa BHITIOJTHSAECTCS MYJIbTHU-
MMOBOPOT CJIeBa, a 3aTeM MYJIBTUIIOBOPOT ciipaBa. To-

-1
rna la\br 3aMeHserca Ha la,br + lays, byr, a 3arem pe-
3y1bTaT 3aMeHsieTcsd Ha la,s\b,r + la, r +

-1 -1
+ la;b,r +lays, - r. Ilpu 5TOM B MOHOMaX la,r U lays, r
MOT'YT BO3HUKHYTb COKpallleHus. Tenepp npeanosio-
JKMM, 4YTO CHayajla BBIIIOJIHSIETCSI MYJIbTUIIOBOPOT

JOKJIAJIbI POCCUMCKOW AKAJEMUU HAVK. MATEMATUKA, UHP®POPMATHUKA, TTPOLIECCHI YITPABJIEHMUSA

CIIpaBa, a 3aTeM MyJIbTUIIOBOPOT cieBa. Torna /la,byr 3a-
MeHseTcd Ha lays\b,r + la; - r, a 3aTeM pe3yJIbTar 3ame-

HseTcs Ha la,s,b,r + lasb,r + la, - ¥ + lays, ' r u npous-
BOJSITCSI COKPAILIEHUSI B HEOOXOOMMBIX MECTax. 3ame-
THUM, YTO TPeOyeTCsl UMEHUTb BTOPOIi MYJIBTUIIOBOPOT,
YTOOBI MPUMETUTH ero. Takxke 3aMeTUM, 4TO UTOTO-
BBIii pe3yJbTaT HE 3aBUCUT OT MOPSIAKA BBITIOJTHEHUS
MYJIBTUIIOBOPOTOB.
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JaHHBIe BbIIIE TPUMEPhI ITO3BOJISIOT YBUIET,
4YTO, B OTJIWYME OT TPYIIl, B KOJbIAX B pe3yJibTaTe
MYJIBTUIIOBOPOTOB BO3HUKAIOT HOBEIE 3(PPEKTHI.

OnpenenuM cieayroliiee BEKTOpHOE MPOCTPAHCTBO,
aCCOITMMPOBAHHOE C TAaHHBIM MOHOMOM M HaGopoM
MYJIBTUIIOBOpOTOB. CHayajga pacCMOTPUM MOHOM
v = lmy,r V OIVH MYJBTUIIOBOPOT, TOPOXXAECHHBI MO-

n
JIMHOMOM Zoc ;m; € R. Torma cOOTBETCTBYOLIEE-
=1
HpOCTpaHC”lJ“BO JIMHEITHO TIOPOXIAaeTCsi MOHOMaMu
Im;r, j =1,...,n (mOCJIE BOBMOXHbBIX COKpAIIEHUIT) ¢
n
JIMHEMHOMN 3aBUCUMOCTBIO Z(x ;m;r. Tenepp pac-
=1
CMOTPHUM MOHOM V U HeCKoﬁbKo MYJIBTUIIOBOPOTOB.
Torma coOTBeTCTBYyIOIIEE IPOCTPAHCTBO JMHEWHO
MOPOXIAETCS vV U BCEMU MOHOMAaMU, KOTOPbIE MOTY-
YaroTCsl U3 HETO MPU TTOMOIIM TaHHBIX MYJBTUIIOBO-
pOTOB, C JWHEWHBIMU 3aBUCUMOCTSIMHU PaBHBIMU
pacKIIagkaM JaHHBIX MYJIBTUITOBOPOTOB.

PaccMoTpuM ompeneneHHOe BbIlIE BEKTOPHOE
MPOCTPAHCTBO, KOTOPOE BO3HUKAET B MOCJIEAHEM
npumepe D. B npumepe D umerorcs ciaenyromme Mo-
HOMBI:

-1
labr, labr, las, byr,
lais\byr,  laysbyr,  lasbyr,
-1
lay-r, lay-r, lays, -r

Y JINHEHbIE 3aBUCUMOCTU MEXITy HUMU:
labyr + labr + lags; 'br = 0,

lays,\b,r + la,s,byr + lasb,r = 0,

la, -r+la2~r+la3sfl -r =0,
labr + la;s,b,r + la, - r = 0,
la,br + la,s\byr + la, - r =0,

-1 -1
la3S1 blr + la3b2r + la3S1 r = 0.

3amMeTuM, 4TO TMOCHEeIHUN MOJUHOM SIBJSIETCS
CyMMOI Tipenbiayiux. TakuM o6pa3om, y HaC nume-
ercd 5 nuHeiHbIX 3aBucuMocTeil (a He 6). CienoBa-
TeJIbHO, UTOTOBOE BEKTOPHOE MPOCTPAHCTBO MMEET
pa3MepHOCTb HE MEHbIIIE YeThIpeX (Tak KaK y Hac Jie-
BSTH IIOTIAPHO Pa3MYHBIX MOPOXIAIOIIUX MOHO-
MOB). 3aMETUM, UTO B CJIy4yae IpyII COOTBETCTBYIO-
1llee BEKTOpPHOE MPOCTPAHCTBO BCerga OMHOMEPHO,
T.€. JaHHbIA 3D EKT BIpoxkaaeTcs (CM. 1uarpaMmy B
KOHIIe ITyHKTa 2.1).

3. OCHOBHBLIE TEOPEMbI

Teopema 1. Koavyo ¢ masrvimu coxpauwjeHUAMU
6ce20a HempUUANbHO.

NOKJIAIbI POCCUMCKOMN AKAJIEMUU HAVK. MATEMATUKA, MH®OPMATHUKA, TTPOLIECCHI YITPABJEHMUS

HpI/IBeI[CM IIPUMEPBI KOJICLL C MAJIbIMM COKpalic-
HUSAMMU.

Teopewma 2. Ipynnosas areebpa epynnot c Manvl-
MU cokpaueHuamu, yooeisemeopsaioueli ycaosuro C(p)
01 p 2 22, A645emcsi KOAbUOM ¢ MANLIMU COKPAUeHU -
AMU.

Iyctb Z,% — ecThb rpymoBas aare6pa Haj IoJieM
7, cBOGOMHO TPYIIBI & ¢ HE MEHEe YeM YeThIPbMSI
o6pasytomumu. [TycTs, nanee, w € F — MOHOM, |w| —
ero JUIMHA, IIPX 9TOM w € % He HaYMHAETCs U He 3a-

. 1
KAHYMBAETCSI HU HA OOHY M3 OYKB X, X , ),y . Bo3b-
MEM HaTypaJibHbIe YMCJIa M U 1 TaK, 9TO |[W| < m < n
1 MOHOM v € %F:

m m+1 n—1
V=X yx  y-x y
(rme 3HaK < O3HayaeT “CyllecCTBEHHO MEHbIIe”).

Ilyctb R cocromT u3 TpuHOMA 1+ v +vw,
A = kF/{(R). UMeeT MecTo clieayroiias

Teopema 3. Koavuyo A sersemces koavyom ¢ ma-
AbIMU COKPAULCHUSAMU.

BameuaHnue 2. Banreope o amemenT 1 + w 06-
patum, u6ov € & obparum, uecaul + v + vw = 0, 10
v(l+w) =0+ w)v =1. TlocTpoeHUE KOHEYHO TMO-
POXIEHHOTO TeJjla OCYILECTBIISIETCS C TIOMOILBIO UTE-
pUpOBaHUS CIEAYyIONIeil MpoLeayphl: OepeTcsT MO-
HOM W, TI0 HEMY CTPOUTCS MOHOM V 1 COOTHOIIICHNE
1+v+vw=0. B npeneyie oka3piBaeTCsi, YTO CymMMa
JIIOOBIX ABYX MOHOMOB JIMOO HyJieBas (TOTAa OHU OT-
BEYAIOT OMTHOMY 1 TOMY XK€ DJIEMEHTY aJreOpshl), IN0O
paBHa TpETheMy MOHOMY (Toraa oHa oopatuma). Tem
CaMbIM CTPOMTCSI KOHEUHO MOPOXIEHHOE TeJlo (He
TOJIBKO KaK KOJbIIO, HO M KakK moiayrpyrma). Tpyma-
HOCTh COCTOUT B JOKa3aTeJbCTBE HETPUBUATBLHOCTU
MOJIyYMBIIIETOCS KOJjiblla. BecbMma HeTpuBHAaIbHAS
TeopeMa 3 03Ha4YaeT BO3MOXKHOCTD OCYIIIECTBUTH MEP-
BbII LIAr 3TOi MpOLEAypPHI.

BIIATOOAPHOCTHA

ABtopnl 61aronapHbl b.9. KyHsisckomy u AJI. Ce-
MEHOBY 3a BaXXKHbIE U TTOJIE3HBIE OOCYXKICHUS B XOe
MOATOTOBKM padOTHI K medyaTu. MBI Takke Ipu3Ha-
TeJIbHBI PELICH3EHTY 32 BHUMATEJIbHOE YTEHUE TeKCTa
U LeHHbIE 3aMeYaHUs, KOTOPhIE CYIIECTBEHHO ITO-
BJIVSUIV HAa OKOHYATEJIbHYIO PEIAKIIUIO CTAThU.
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AXIOMATIC DEFINITION OF SMALL CANCELLATION RINGS
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b Institute of Mathematics, The Hebrew University of Jerusalem, Jerusalem, Israel

¢Moscow Institute of Physics and Technology, Dolgoprudnyi, Moscow Oblast, Russian Federation

4 College of Mathematics and Statistics, Shenzhen University, Shenzhen, China

Presented by Academician of the RAS A.L. Semenov

In the present paper we develop a small cancellation theory for associative algebras with a basis of invertible
elements. Namely, we study quotients of a group algebra of a free group and introduce three specific axioms
for the corresponding defining relations which provide small cancellation properies of the obtained ring.
We show that the obtained ring is non-trivial. This ring is called a small cancellation ring.

Keywords: small cancellation ring, turn, multi-turn, defining relations in rings, small cancellation group,
group algebra. filtration, tensor products, Dehn’s algorithm, greedy algorithm, Grobner basis
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